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The current thesis investigates if the simpliﬁed two degrees of freedom beam ap-
proach is accurate enough to predict the lowest undamped natural frequencies
and mode shapes of pre-swirl stator ﬁns in still water. A fast method is needed
to estimate the lowest natural frequencies and mode shapes for the risk analysis
of vibrations and hydroelastic instabilities in conceptual design.
The ﬁn is simpliﬁed as a straight cantilever beam with a solid cross-section. The
equations of motion take into account coupled vertical bending and torsion. Struc-
tural and ﬂuid-induced damping are neglected. The eﬀect of surrounding water
is simpliﬁed as the 2D added mass of a ﬂat plate. The cross-section properties
are deﬁned with derived approximative formulas based on NACA 4-digit series.
The natural frequencies and mode shapes are solved from the eigenvalue problem
which is formed with the ﬁnite element method.
The approach must take into account the shear deformation, rotary inertia, cou-
pling and added mass terms. The main ﬁn parameters aﬀecting the natural fre-
quencies are the length, chord, thickness, camber, span-wise variation and ma-
terial. Design graphs to estimate and compare the lowest natural frequency of
diﬀerent designs are generated to assist in conceptual design.
The approach studied is applicable for ﬁns which are solid, made of homogeneous
isotropic material and with a cross-section shape close to a NACA 4-digit series
or ﬂat plate. It is not applicable for advanced cross-sections and materials. The
approach slightly overestimates the frequencies in air but underestimates in water.
The added mass eﬀect is overestimated, especially in torsion. The lowest mode
type of ﬁns is usually vertical bending.
To predict the natural frequencies in operating conditions, the eﬀects of passing
ﬂow and external damping must be studied to determine how much they aﬀect
the lowest frequencies.
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Tässä työssä tutkitaan yksinkertaistetun kahden vapausasteen palkin liikeyhtälöi-
den soveltuvuutta tyynessä vedessä olevan staattorin evän alimpien vaimenta-
mattomien ominaistaajuuksien ja -muotojen ennustamiseen. Näitä taajuuksia
ja muotoja tarvitaan evien hydroelastisten epästabiilius ja värähtely ongelmien
arvioimiseksi. Nopeaa alimpien ominaistaajuuksien ja -muotojen ratkaisua tarvi-
taan näiden ongelmien arvioimiseksi jo evien konseptisuunnitteluvaiheessa.
Evä on yksinkertaistettu suorana ulokepalkkina, jonka poikkileikkaus on ump-
inainen. Liikeyhtälöt koostuvat kohtisuorasta taivutuksesta ja väännöstä, jotka
ovat kytketty. Rakenteen ja veden aiheuttamaa vaimennusta ei ole otettu
huomioon. Evää ympäröivän veden vaikutus on yksinkertaistettu ja otettu
huomioon tasapaksun levyn lisättynä massana. Poikkileikkauksen ominaisuudet
on määritetty tässä työssä johdetuilla likimääräisillä kaavoilla, jotka perustuvat
NACA 4-sarjan proﬁileihin. Ominaistaajuudet ja -muodot on ratkaistu ominais-
arvoyhtälöstä elementtimenetelmää hyödyntäen.
Leikkaus muodonmuutos, kierto inertia, kytkentä ja lisätty massa täytyy ot-
taa huomioon evän liikeyhtälöissä. Evän ominaistaajuuksiin vaikuttavat evän
pituus, jänne, paksuus, kaarevuus, jänteen pituussuuntainen vaihtelu ja mate-
riaali. Työssä esitetään näihin parametreihin pohjautuva suunnittelu käyrästö.
Tutkittu menetelmä soveltuu eville, joiden poikkileikkaus on umpinainen, mate-
riaali on homogeeninen ja isotrooppinen ja proﬁili muistuttaa NACA 4-sarjaa tai
tasapaksua levyä. Menetelmä ei sovellu kehittyneille poikkileikkauksille ja materi-
aaleille. Menetelmä yliarvioi evän ominaistaajuuksia ilmassa mutta aliarvioi niitä
vedessä. Menetalmeä yliarvioi lisätyn massan vaikutuksen taajuuksiin, varsinkin
väännössä. Evän alin ominaismuoto on yleisesti pystysuuntainen taipuminen.
Ohimenevän virtauksen ja veden vaimennuksen vaikutusta evän ominaistaajuuk-
siin tulee tutkia, jotta evää voidaan arvioida sen todellisissa käyttöolosuhteissa.
Avainsanat: vaimentamaton, ominaistaajuus, ominaismuoto, staattorin evä,
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A stator ﬁn is a wing-like structure used in ships near the propeller to improve the
propulsion eﬃciency and reduce fuel costs. Fins in front of the propeller are called
pre-swirl stator ﬁns. The number of ﬁns can vary depending on the ship. Figure
1.1 shows an example of ﬁns in front of the propeller in single-propeller ships. Their
purpose is to pre-rotate the inﬂow of the propeller, which improves the propeller
ﬂow ﬁeld. The eﬀect of ﬁns on the inﬂow is illustrated with streamlines in Figure
1.2. The biggest beneﬁts are gained in ships with full hull shapes where the ﬂow
comes into the propeller at a higher angle, decreasing the propulsion eﬃciency. Fins
are usually used only in commercial ships with one propeller. According to diﬀerent
suppliers, gains of 3 - 7 percent can be achieved even in ships with an optimized hull
form and propeller [21] [44] [15] [16] [46]. Pre-swirl stator ﬁns are used seldomly in
multi-propeller ships because the installation is usually more complicated and the
propulsion eﬃciency gains smaller than in single propeller ships. However, multi-
propeller pre-swirl stator ﬁn solutions are investigated and developed more and
more.
Figure 1.1: Example of pre-swirl stator ﬁns in single-propeller ships. [15] [16]
Figure 1.2: Streamlines illustrating how the ﬁns alter the inﬂow of the propeller.
[46]
2In the past, ﬁn designs were simple, mostly only a straight rectangular cantilever
plate. More advanced cross-section shapes alter the ﬂow more and thus improve
the propulsion eﬃciency more. Even though the design and construction costs are
higher, more advanced foil shapes are used in stator ﬁns recently due to high fuel
costs. The cross-section can be symmetric or asymmetric. Asymmetric designs
have more eﬀect on the ﬂow ﬁeld and thus the propulsion eﬃciency gains are again
greater. The cross-section shape is usually based on a parametric foil shape which
is altered according to the project at hand. One example of parametric foil shapes
is sections developed by the National Advisory Committee for Aeronautics (NACA)
[1].
Fins are designed to optimally improve the ﬂow ﬁeld. The length of the ﬁn is usu-
ally the same as the length from the propeller tip to the center of the propeller shaft.
The length-chord and length-thickness ratios are more or less the same when con-
sidering the greatest improvement in the propulsion eﬃciency. To get the maximum
beneﬁt, the ﬁns should be located as close to the propeller as possible. However, the
ship hull design and structural arrangement in the aft ship, e.g. bossing, can restrict
the positioning and design of the ﬁn. The attachment and construction methods of
the ﬁn can also limit the ﬁn design. Thus, the optimum design cannot always be
used and diﬀerent ﬁn dimensions and cross-section shapes must be analysed in the
design process.
In addition to the construction-related limitations, it is important to understand
and accurately predict the static and dynamic response and stability of a ﬂexible
lifting body to ensure its structural safety [13, p. 1]. The stresses and structural
stability are very seldom of interest with respect to ultimate limit states because the
magnitude of the loads are not great enough to exceed the strength limits [25, p.
965]. The assumption considers conventional designs and materials, meaning solid
or thick plated ﬁns made of steel or other metal alloys. Thus, the ultimate limit
states might be of interest in case of lightweight ﬁns made of composites or other
advanced materials.
Fins are exposed to ﬂow-induced hydrodynamic loads and propulsion machinery-
induced excitation loads. Such a dynamic loading causes hydroelastic vibrations
which are an issue when the fatigue life of elastic lifting hydrofoils, such as ﬁns, is
considered at the design stage [12, p. 402]. In addition, ﬂexible lifting bodies, such as
high aspect ratio, highly skewed, or self-adaptive blades, wings and hydrofoils, may
be subject to hydroelastic instabilities, such as static divergence or ﬂutter [17, p.
4041]. Therefore, fatigue issues caused by hydroelastic vibrations and hydroelastic
instabilities arising from hydrodynamic loads are of great concern and have to be
taken into account in the ﬁn design process.
Moreover, the ﬁns should remain as static as possible. The more the hydroelastic
vibration amplitudes or instabilities increase, the further the ﬁn is from the designed
optimum position and angle, which decreases the eﬀect to the inﬂow and the beneﬁts
to the propeller eﬃciency. Therefore, hydroelastic vibrations and instabilities should
be minimized.
31.2 Hydroelastic vibrations and instabilities
Hydroelastic vibrations and instabilities are major concerns in the ﬁn design process.
Hydroelastic vibrations expose the ﬁn to fatigue issues and hydroelastic instabilities
may cause serious damage or even complete destruction of the structure. The issues
are caused by external excitation and ﬂow-induced hydrodynamic loads. The hydro-
dynamic loads cause both vibrations and instabilities, whereas external excitation
causes only ﬁn vibrations. Figure 1.3 shows wave slamming which is one cause of
hydroelastic vibrations on ships.
Figure 1.3: Example of loads causing hydroelastic vibrations on ships. [45] [47]
The source of external excitation is mainly the propulsion machinery of the ship.
The ﬁn is located close to the rotating propeller, which generates pressure pulses.
The pressure pulses propagate in water, causing impulse loads to nearby structures.
Other parts of the propulsion machinery, such as main engines, may cause structural
vibrations spreading to the ﬁns through the hull structures.
Hydrodynamic loads result from water ﬂowing against and around a ﬁn. The ﬂow
passing the ﬁn is slowed by viscous forces on and nearby the ﬁn surface. The velocity
diﬀerences cause pressure diﬀerences around the ﬁn which results in lift and drag
forces and pitching moment acting on the ﬁn. The viscous forces can also separate
the ﬂow from the ﬁn surface, generating eddies and vortices. These ﬂow irregularities
induce vibrations on the ﬁn. Moreover, the ﬂow irregularities or the motion of the
ﬁn alter the pressures on the ﬁn, causing oscillations of hydrodynamic forces and
vibrations of the ﬁn. Figure 1.4 shows ﬂow irregularities around a harmonically
plunging NACA0012 foil. Flow irregularities can be seen around the foil and behind
the foil in the wake.
The most important hydroelastic instabilities are static and dynamic divergence
and ﬂutter [17, p. 4041]. Static divergence is a linear instability where the defor-
mations induced by the hydrodynamic loads increase with time without oscillations
because the loads increase over the eﬀective stiﬀness of the structure. The defor-
mations may increase until the structure's bending or torsion capacity is exceeded
or material failure develops, breaking the structure. Dynamic divergence is similar
to static divergence but is nonlinear and dynamic, meaning the structure is oscillat-
ing and the amplitude increases with time. The oscillation frequency decays when
4Figure 1.4: Example of pre-swirl stator ﬁns in single-propeller ships. [41]
the amplitude increases. Flutter is a dynamic ﬂow-induced instability in which the
structure oscillates with a ﬁxed frequency and the oscillation amplitude increases
over time if the net damping decreases. If the net damping decreases to zero, the
oscillations increase until the structure breaks. The described instabilities are linked
to ﬂow velocities in which the instabilities occur. These critical velocities depend on
cross-sectional properties, structural properties, added mass, damping and hydro-
dynamic forces. The divergence and ﬂutter velocities decrease if the overall density
of the ﬁn decreases, meaning the instabilities are an even greater concern in the case
of lightweight ﬁns [13, p. 25].
The threat of hydroelastic vibrations can be evaluated by comparing the excita-
tion and load oscillation frequencies to the natural frequencies of the structure. If
the external loads oscillate close to the natural frequencies of the structure, reso-
nance may occur. In resonance, the oscillating loads force the structure to vibrate.
The amplitude of vibration may increase and break the structure if the net damp-
ing decreases to zero. Therefore, the ﬁn vibrations can be reduced by avoiding ﬁn
designs with natural frequencies close to the frequencies of the external sources.
The threat of hydroelastic instabilities are evaluated by comparing the critical
velocities of the instability to the ﬂow velocities which the structure encounters.
Similar to the vibrations, the instabilities can be reduced by avoiding ﬁn designs
resulting in critical velocities or by avoiding operation in the critical velocities. The
natural frequencies and mode shapes of the structure can be used in solution of crit-
ical velocities, meaning they are needed in both resonance and instability analysis.
Therefore, modal analysis is important in the estimation of ﬁn response to external
excitations and ﬂow-induced hydrodynamic loads.
To avoid resonance and critical velocities, the prediction of the dynamic be-
haviour of a structure is a key issue. The structures should be designed so that the
natural frequencies are higher than the excitation frequencies. Therefore, the lowest
natural frequencies are of interest with regard to resonance. The low frequencies
5contain more energy than high frequencies and thus are a greater risk. In relation
to the solution of critical velocities, only a relatively small number of lower natural
modes of a structure are actually needed to describe its deformation in most cases
[10, p. 125]. Therefore, the lowest natural frequencies and mode shapes of the ﬁn
are the ﬁrst priorities to estimate.
1.3 Modal analysis in conceptual design
The natural frequencies of a structure are the frequencies at which the structure
tends to oscillate in the absence of external excitation. The mode shapes are the
shapes of motion in which the structure tends to oscillate in these frequencies. The
oscillation of a structure is divided into free and forced vibrations. A free vibration
occurs when there is no external excitations but kinetic or potential energy is initially
present in the system. A forced vibration occurs when external excitation is applied
to the system. Free vibrations occur at the natural frequencies and mode shapes
of the structure whereas forced vibrations occur at the excitation frequency. In
case excitation frequencies are close to the natural frequencies, resonance occurs as
discussed earlier.
The natural frequencies and mode shapes are solved from the equations of motion
(EOM) describing the vibrations of the structure. The natural frequencies and
normal modes of a structure are dependent only on the stiﬀness of the structure and
the mass which participates in the motion of the structure. The mass includes the
mass of the ﬁn and the mass of the ﬂuid moved by the ﬁn, which is also called added
mass. However, energy dissipation in motion always exists in any real system, which
is called damping. Damping occurs as a result of friction among moving objects or
interactions between moving objects and their surrounding environments e.g. in
ﬂuids. Damping converts the kinetic energy of a vibrating system to other forms
of energy such as heat and acoustic energy. The presence of damping reduces the
amplitude of vibrating motion but also decreases the natural frequencies of the
system. The damping ratio describes how much the damping aﬀects the vibrations.
In case of small damping ratios, such as structural damping, the damping can usually
be neglected. The water surrounding the ﬁn causes external damping of the vibrating
system due to energy loss due to the movement of water.
The ﬁrst step in the evaluation of the feasibility of the ﬁn design is to analyse the
risk of vibration and instability issues in which the natural frequencies and mode
shapes of the ﬁn are needed. Therefore, a fast method is needed for the concept de-
sign phase of ﬁns. The aim of the thesis is to study whether the simpliﬁed two DOFs
beam approach is accurate enough to predict the lowest undamped natural frequen-
cies and mode shapes of pre-swirl stator ﬁns in still water. The signiﬁcance of shear
deformation, rotary inertia, bending-torsion coupling and added mass with respect
to the lowest natural frequencies are studied. The natural frequency dependency on
the ﬁn design parameters is investigated. The outcomes are used to generate design
graphs to estimate and compare the lowest natural frequency of diﬀerent stator ﬁn
designs.
61.4 Limitations and justiﬁcation
In this study, the stator ﬁn is simpliﬁed as a cantilever beam with a solid cross-
section. The material of the ﬁn is considered as homogeneous and isotropic. Ad-
vanced lightweight designs are not considered. This includes advanced materials
such as composites and advanced structures such as hollow cross-sections with stiﬀ-
ened shells and webs. Considering these limitations, the current approach is used
to calculate the natural frequencies of composite ﬁns. The material properties of
composite ﬁns are applied as isotropic and homogeneous material's properties. The
obtained results are compared to measurements and results of advanced methods to
study the applicability of the simpliﬁed approach to advanced materials and designs.
The study doesn't diﬀerentiate between diﬀerent composites and their diﬀerent be-
haviour, for example shear vulnerable composites. The ﬁn is assumed to be ﬁxed to
the ship hull. The attachment method and its eﬀect on the dynamic behaviour is
not studied.
Ships usually have multiple stator ﬁns as shown in Figure 1.1. In this work,
the eﬀect of other ﬁns is not taken into account. This means that the distance
between ﬁns is assumed to be great enough to neglect the eﬀects or only one stator
ﬁn systems is considered.
The ﬁn designs are limited to unswept straight ﬁns, meaning ﬁns with sweep
and twist angles are not considered. Fins are not usually skewed and thus not
considered. The cross-section shape is constant along the span of the ﬁn but the
ﬁn is allowed to taper, meaning the size of the cross-section can vary along the
span. The cross-section shape of the ﬁn is modelled as a NACA 4-digit series. This
shape is used due to the large amount of studies and measurements but also because
the shape is deﬁned with analytical formulas, including symmetric and asymmetric
shapes. NACA shapes can also be considered as a good approximation for the shape
of stator ﬁns.
The EOM of a cantilever beam in coupled bending and torsion are used with
the assumption of small deformation and oscillation theory, meaning vibrations are
simpliﬁed to be linear. The structural and ﬂuid-induced damping are neglected
from the EOM. The eﬀect of water is taken into account only by added mass in still
water conditions. The added mass of the ﬁn is approximated with the 2D added
mass coeﬃcients of a 2D ﬂat plate.
The EOM are partial diﬀerential equations describing the vibrations of a con-
tinuous medium. Thus, the stiﬀness and mass of the structure are introduced in
the EOM as a continuous distribution. Since exact solutions of partial diﬀerential
equations are diﬃcult to obtain, the continuous systems are usually approximated
by discrete systems. This means that the stiﬀness and mass of the structure are
introduced as discrete distributions. The EOM can then be described by ordinary
diﬀerential equations which are easier to solve. In this work, the EOM are discretized
via the ﬁnite element method (FEM).
To clarify the most signiﬁcant simpliﬁcation, the undamped natural frequencies
and mode shapes are solved for ﬁns oscillating in still water. The eﬀects of passing
ﬂow and external damping due to surrounding water will be left for future work.
72 Methods
The current chapter describes the methods used in the study. The chapter is divided
into three parts. The ﬁrst part presents the governing equations used to describe
the motion of the ﬁn. The second part describes the calculation method used to
solve the natural frequencies and modes. The third part describes the utilization of
the NACA 4-digit series as a ﬁn cross-section in the study and the calculation of the
geometric properties of the cross-sections.
2.1 Governing equations and notations
Earlier studies have been done with both beam and plate models. Plate models
have been mostly used to calculate simple cantilever plates with rectangular cross-
sections and the focus has been on studying the 3D eﬀects and 3D varying loads
[39]. In contrast, beam models have been mostly used to calculate cantilevers with
more complex cross-section shapes. In these studies, the focus has been on dynamic
response, vibrations and natural frequencies [2] [13] [34] [25] [33]. The beam model
is chosen for this study due to simpler equations as compared to plate models in
case of complex cross-section shapes such as convex foil cross-sections.
The equations of motion (EOM) of a ﬂexural-torsion coupled beam based on
Timoshenko beam theory are used as a basis for the study. The beam has three
degrees of freedom (DOF) which are transversal bending, vertical bending and tor-
sion. In this work, the equations are simpliﬁed to take into account only vertical
bending and torsion, meaning the beam used has two DOFs. Both the coupled and
uncoupled EOM with and without the shear deformation and rotary inertia terms
are used in this study. The eﬀect of surrounding water is simpliﬁed to consist only
of the 2D added mass term. The added mass of the ﬁn is approximated with the
2D added mass coeﬃcients of a 2D ﬂat plate. The used coordinate systems and
notations are described next.
The foil notation is illustrated in Figure 2.1. The leading edge (LE) is the
foremost edge and the trailing edge (TE) the rearmost edge of the foil section. The
LE and TE are the forward and rearward extremities of both the mean-line and
chord-line. The mean-line is a line halfway between the upper and lower surfaces of
the section [1, p. 65]. The chord-line is a straight line connecting the LE and the
TE. In the case that the foil section is symmetric, the chord-line and the mean-line








Figure 2.1: The foil cross-section illustrating the mean-line, chord-line and the
upper and lower surface of the foil.
8The used coordinate system is illustrated in Figure 2.2. The x-axis points from
the ship bow to the ship aft meaning the x-axis also shows the ﬂow direction. The
y-axis points from the ﬁn root to the ﬁn tip. The y-axis is deﬁned to coincide with
the elastic axis. The z-axis points downwards from the ﬁn to the sea bottom. The
bending deﬂection in the z- and x-directions are denoted as w and u, respectively.
The cantilever beam in the yz-plane is illustrated in Figure 2.3. The length of the
















Figure 2.3: The cantilever beam in the yz-plane showing the used notation.
The foil cross-section is illustrated in Figure 2.4. The cross-section is deﬁned in
the xz-plane. The chord length, denoted as c, is the distance between the LE and
TE, or in other words the length of the chord-line. The center of gravity (COG) of
9the cross-section is on the centroidal axis. The shear center (SC) of the cross-section
is on the elastic axis. The origin of the plane is located on the elastic axis. The
distance between the COG and SC along the x-axis, ex, is deﬁned as positive when
the COG is located between the SC and TE. Similarly, the distance along the z-axis,
ez, is deﬁned as positive when the COG is located between the SC and the lower
surface of the foil.
LE TE
SC on the elastic axis
c






Figure 2.4: The foil cross-section in the xz-plane showing the used notation.
2.1.1 Beam equations of motion
The ﬁn presented in Figure 2.2 can bend about the x- and z-axis and twist about the
y-axis. The axial vibrations along the y-axis are neglected. The EOM of composite
beams in ﬂexural-torsional vibrations are deﬁned by Sapountzakis [32, p. 17701771].
The equations are based on Timoshenko beam theory, which takes into account shear
deformations, rotary inertia and coupling of bending and torsion vibrations but
neglects rotation around the x- and z-axis (θx and θz) due to bending. The fourth
order inertia terms arising from the coupling of shear deformations and rotary inertia
are also neglected. The ﬁn cross-section is assumed to be rigid in the xz-plane and
therefore the cross-section twists as a rigid body. The linear small deﬂection theory
is applied in the analysis. The angle of twist about the y-axis is small so that the
small angle assumption can be used. Using the coordinate system deﬁned in Figure
2.2 and assuming the ﬁn material to be linear, homogeneous, isotropic and elastic,
the EOM are
EIxxw



















































EΓθ′′′′y −GJθ′′y + ρIyyθ¨y + ρA (exw¨ − ezu¨)− ρΓθ¨y
′′
= 0 . (2.3)
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The equation (2.1) governs the bending motion about the x-axis, the equation (2.2)
the bending motion about the z-axis and the equation (2.3) twisting motion about
the y-axis. A dot over a quantity indicates a diﬀerentiation with respect to time t
and a prime a diﬀerentiation with respect to y. ρ is the density of the ﬁn material
and A is the cross-sectional area of the ﬁn. ex and ez are the distance between the
SC and COG along the x-axis and z-axis, respectively. EI is the bending stiﬀness
consisting of Young's elastic modulus E and the cross-sectional area moment of
inertia about the x-axis Ixx or the z-axis Izz. Ixx and Izz are deﬁned about the SC.
Iyy is the polar moment of inertia with respect to the SC and deﬁned as
Iyy = Ixx + Izz . (2.4)
GJ is the torsional rigidity comprising from shear modulus G and torsional constant
J . In this study, the shear modulus is calculated with the elastic modulus and
Poisson's ratio ν from the formula
G =
E
2 (1 + ν)
. (2.5)
A torsional constant is deﬁned analytically only for elementary shapes [30, p. 472
474]. EΓ is the warping rigidity where Γ is the warping constant. κ2 is the shear
coeﬃcient, a dimensionless factor which depends on the shape of the cross-section
[22, p. 502]. The shear coeﬃcients are analytically speciﬁed only for elementary
shapes such as solid rectangles. The ﬁn cross-section is simpliﬁed as a solid rectangle
in respect to the shear coeﬃcient. The formula for solid rectangular cross-sections





The presented EOM can be simpliﬁed by taking into account the geometry of
the ﬁn. The chord length of the ﬁn is considerably greater than the thickness of
the ﬁn cross-section. Thus, the bending stiﬀness of the ﬁn about the z-axis is
considerably greater than that about the x-axis. In fact, the diﬀerence between the
bending stiﬀness values is to the power of three compared to the diﬀerence between
the chord length and thickness. This is due to the deﬁnition of the cross-sectional
area moment of inertia. In general, an increase in stiﬀness leads to an increase in
vibration frequency. Therefore, the frequency of the bending vibration about the
z-axis is higher than that about the x-axis. This can also be seen from the reference
[12, p. 425428] which presents dry mode shapes of the control surface in the high-
speed ship. The control surface is a ﬁn with hollow shell structure and two web
plates. Figure 2.5 shows the four lowest mode shapes of the control surface. The
ﬁrst and second mode shapes are bending about the x-axis. The third mode shape
is torsion about the y-axis and the fourth is bending about the z-axis. The ﬁrst
natural frequency corresponding to bending about the x-axis is approximately 26
Hz and the fourth corresponding to bending about the z-axis is approximately 190
Hz. Thus, the diﬀerence is signiﬁcant. It can also be noted that the torsion DOF
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is important because the modes reveal a typical, mixed bending-torsion nature.
Since the lower frequencies are of greater interest, the bending about the z-axis
is neglected. Accordingly, the equation (2.2) and the terms containing horizontal
deﬂection u are neglected.
Figure 2.5: The four lowest natural frequencies and mode shapes of the control
surface. [12, p. 426428]
The warping phenomenon related to the twisting of the beam is signiﬁcant in the
analysis of open section, thin-walled section or hollow shell-web cross-section beams
[8, p. 4748] [33, p. 62]. For solid cross-sections, the warping stiﬀness is negligible
and St. Venant's torsion theory, or in other words uniform torsion, is enough to
describe the torsion of the beam [34, p. 340] [6, p. 269]. Since the ﬁn is a solid
cross-section beam consisting of one material, the warping terms can be neglected.
Accordingly, the terms containing Γ are neglected from the equation (2.3).
The elimination of the eﬀect of bending about the z-axis and warping simpliﬁes
the EOM presented in the equations (2.1) - (2.3) to
EIxxw



















−GJθ′′y + ρIyyθ¨y + ρAexw¨ = 0 . (2.8)
Examining the terms of the equation (2.7), the ﬁrst term is bending deﬂection,
the second term inertia, the third term shear deformation and rotary inertia due to
bending and the fourth term shear deformation due to twisting. The ﬁrst and second
term are so-called ﬁrst order terms whereas shear deformation and rotary inertia are
so-called second order terms. The second order terms have greater eﬀect in case of
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non-slender or short beams, meaning beams which have cross-section dimensions
that are large as compared to the length. Examining the terms of the equation
(2.8), the ﬁrst term is torsional rotation, the second term inertia and the third term
the coupling term. In the equation (2.7), the coupling term is the latter half of the
inertia term. The fourth term of the equation (2.7) is the so-called second order
coupling term related to shear deformation. Coupling of the bending and torsion
vibration is caused by the oﬀset between the SC and COG. The coupling terms are
related to the inertial terms which means that the EOM are inertially coupled [34].







−GJθ′′y + ρIyyθ¨y + ρAexw¨ = 0 , (2.10)
which are based on Euler-Bernoulli beam theory and are in accordance with the
literature [34, p. 340] [33, p. 59].
2.1.2 Assumptions in practice
The second order terms, shear deformation and rotary inertia in bending, come from
the fact that the beam element rotates about the x-axis due to shear in addition to a
deﬂection due to bending. Therefore, the total deﬂection of the beam element is the
sum of bending and shear deﬂections, which is illustrated in Figure 2.6. The Euler-
Bernoulli beam theory assumes that this rotation due to shear is not happening,
meaning plane sections remain perpendicular to the bending line. In the Timoshenko
beam theory, however, beam sections are allowed to rotate due to shear, meaning
plane sections do not remain normal to the bending line. Due to this diﬀerence the
beam stiﬀness is overestimated with the Euler-Bernoulli beam theory. However, this
starts to cause signiﬁcant error only when the slenderness ratio decreases and when
the higher natural frequencies are of interest. Due to the fact that pre-swirl stator
ﬁn designs can be non-slender, the Timoshenko beam theory cannot be neglected in
the study but the eﬀect on the results is studied. [35, p. 337338] In this study, the
shear deformation term due to twisting, meaning the fourth term, is neglected from
the EOM presented in the equation (2.7).
Figure 2.6: The transversal deformation of Euler-Bernoulli and Timoshenko
beams. [31, p. 12]
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The importance of the shear deformation term is related to the slenderness of
the beam. The term can be neglected in case of slender beams, meaning the length
of the beam is large compared to the thickness and width of the beam. The beam is
considered slender when the slenderness ratio is larger than ten and when the beam






If beam thickness is deﬁned in per cent of beam width, the beam is slender when




> 10. In case of ﬁns, the thickness is usually less than
half of the chord and at least less than the chord. Thus, ﬁns can be considered
slender if α > 10. Therefore, the shear term has to be taken into account when the
slenderness ratio is lower than ten. [19, p. 973975]
The importance of the rotary inertia can be evaluated through that of the shear
deformation. The shear deformation term is always γ2 times larger than the rotary





This can be derived from the rotary inertia and the shear deformation terms of
the non-dimensional EOM of the Timoshenko beam theory presented in [19, p.
949]. The ratio depends on the Poisson's ratio ν, a physical property depending
on the material, and the shear coeﬃcient κ2, a dimensionless factor depending on
the Poisson ratio and the cross-section geometry. Considering the Poisson ratio
of typical metal to be about 0.3, the shear coeﬃcient gets a value of about 0.85
according to the equation (2.6). With these values, the ratio γ2 is about three,
meaning the shear term is roughly three times larger than the rotary term in case
of a solid rectangular cantilever beam. Generally, the ratio γ2 ranges from 3 to 6 for
a typical metal and cross-section. [19, p. 973975] Therefore, the shear deformation
term is always more important to take into account than the rotary inertia term.
However, if the shear term is highly important, the rotary term can be relatively
important too. Thus, the importance of these terms are studied shortly with respect
to ﬁns.
Before evaluating the importance of the bending-torsion coupling terms, the
cause of the coupling has to be discussed. The bending-torsion coupling is dependent
on the location of the SC and the COG of the beam cross-section. The shear center
(SC) is the point on a cross-section in which a shear force can be applied without
any torsion occurring. If the SC and COG are not coinciding in free vibration
conditions, inertial forces acting on the COG are not applied in the SC, meaning
they create additional torsion. [38, p. 474476] The locations of the SC and COG are
related to the symmetry of the cross-section. There are three kinds of cross-sectional
symmetry: double symmetry, single symmetry and asymmetry. [34, p. 339340]
In double symmetry, the beam cross-section is symmetric about both the x-axis
and z-axis as shown in Figure 2.7. The SC and COG are coinciding, meaning the
bending and torsion are uncoupled. [34, p. 339340] As an example, a rectangle is the
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cross-section with double symmetry and it is used in simple stator ﬁns constructed
only from plates.
SC on the elastic axis





Figure 2.7: An example of doubly symmetric cross-section: elliptical cross-section.
In single symmetry, the beam cross-section is symmetric about only one of the
x- or z-axis as shown in Figure 2.8. The SC and COG are not coinciding but both
are located on the axis of symmetry. In this case, the EOM must be coupled when
the transverse vibration is occurring in the direction perpendicular to the axis of
symmetry. [34, p. 339340] As an example, a symmetric NACA 4-digit cross-section
is symmetric parallel to the x-axis but not in the perpendicular direction and thus
the coupling must be considered in the bending about the x-axis.
SC on the elastic axis




Figure 2.8: An example of single symmetric cross-section: symmetric NACA 4-
digit cross-section.
An asymmetric cross-section is the most general case in which the SC and COG
are not coinciding in either direction as shown in Figure 2.9. Therefore, the EOM
must be coupled when the transverse vibration is occurring in both perpendicular
directions. [34, p. 339340] As an example, in case of an asymmetric NACA 4-digit
section, the coupled EOM must be used.
SC on the elastic axis
COG on the centroidal axis
x
z
Figure 2.9: An example of asymmetric cross-section: asymmetric NACA 4-digit
cross-section.
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Recalling the simpliﬁcation of the vibrations to 2D, the cross-sectional symmetry
in the z-direction is not relevant from the point of view of the EOM because it has
an eﬀect only in transverse vibration in the x-direction. However, the distance of
the SC and COG in the z-direction aﬀects the area moment of inertia about the z-
axis and the polar moment of inertia, meaning that the symmetry in the z-direction
cannot be neglected in the calculation of cross-sectional properties. Regardless, the
NACA 4-digit series is either single symmetric or asymmetric, meaning the bending
about the x-axis and torsion about the y-axis are coupled. Noting that the coupling
is dependent on the ex and ez of the ﬁn cross-section, the importance of the coupling
terms with respect to the natural frequencies are studied in this work.
2.1.3 Submerged beam equations of motion
In the previous section, the EOM of the beam were presented. The presented equa-
tions, however, describe only the dynamic behaviour of the beam in a vacuum. In
this section, the eﬀects of the hydrodynamic forces due to the water surrounding
the ﬁn are discussed from the view point of the natural frequency calculation. The
eﬀects of interest for this work are narrowed to consist only of the added mass eﬀect,
neglecting the eﬀect of the chord-wise ﬂow. The added mass of the ﬁn is approxi-
mated with the 2D added mass coeﬃcient of a ﬂat plate. The derived added mass
terms are introduced to the EOM of the beam presented in the previous section.
Free surface signiﬁcantly inﬂuences the dynamic characteristics of the submerged
cantilever plate but the eﬀect decreases with an increase in the depth of the plate.
Moreover, when the submerged depth is up to one half the length of the plate the
free surface is negligible. [26, p. 1227] The stator ﬁns are located on the level of
the propeller, meaning that the submerged depth is more than the propeller radius.
The length of a ﬁn is usually a little bit more than the propeller radius. Therefore,
the free surface eﬀects can be neglected in this study.
The ﬁn is submerged in water and it undergoes a chord-wise ﬂow due to the
forward motion of the ship. The chord-wise ﬂow over the ﬁn generates hydrodynamic
forces to the ﬁn. In addition, the ﬁn moves perpendicularly to the chord-wise ﬂow
due to the heaving and rolling motions of the ship. This transverse motion of the
ﬁn also generate hydrodynamic loads on the ﬁn due to momentum transfer to the
water at the water-ﬁn interface. The generated hydrodynamic forces are lift, pitching
moment and drag. Lift is the component of load perpendicular to the oncoming ﬂow.
Pitching moment is the component causing a moment about the y-axis. Drag is the
component parallel to the oncoming ﬂow. Drag is relevant when the resistance is of
interest. In this study, the chord-wise response of the ﬁn is neglected and only the
lift and pitching moment are of interest.
The lift and pitching moment can be decomposed into added mass and hydrody-
namic damping components and their cross-terms. The added mass corresponds to
the amount of ﬂuid which moves with a body while this body is accelerating. The
added mass component acts in-phase with the ﬁn acceleration, causing the reduction
of the vibration frequency. Damping causes the attenuation of the vibration ampli-
tude. The hydrodynamic damping component acts in-phase with the ﬁn velocity but
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on opposite phase with respect to the ﬁn acceleration. [18, p. 207] Damping aﬀects
the amplitude and phase of the body's motion. Added mass aﬀects the frequency
of the body's motion. The damping is neglected in this study. However, it should
be noted that damping also decreases the natural frequencies of the system. [23, p.
453457]
The importance of the other hydrodynamic eﬀects can be evaluated with the
Strouhal number. The Strouhal number St is a dimensionless number describing
the mechanisms of the oscillating ﬂow. In case of the hydrofoil, the characteristic





According to [4, p. 7378], the three prevailing mechanisms related to lift are leading
edge vortex, added mass reaction and leading edge vortex convection and interaction
with the wing. The latter mechanism captures the eﬀect of the wake. The relative
eﬀects of these mechanisms were compared in three regimes in [4, p. 7378]. In the
ﬁrst regime of St < 0.1, only the leading edge vortex has a signiﬁcant eﬀect. In
the second regime of 0.05 < St < 0.5, the all three have an eﬀect. In the third
regime of St > 0.5, the added mass becomes dominant. Therefore, the added mass
eﬀect becomes more dominant as the St increases. [24, p. 589] In general, the
ship operation speeds are at least 10 kn and the chord length of stator ﬁns can be
considered to be more than 0.5 meters. To reach an St larger than 0.5 with these
values, the oscillating frequency of the ﬁn should be higher than 5.2 Hz. As such,
the St regime can be assumed to be larger than 0.5 in this study.
In summary, only the added mass components of the lift and pitching moment
need to be taken into account in this work. The added mass has a signiﬁcant role
when deﬁning the natural frequencies and modes of the body due to the fact that the
movement of the surrounding ﬂuid requires an additional force that is necessary to
accelerate the body itself. [24, p. 579] The added mass is easy to evaluate in steady
motion because it depends only on the ﬂuid density and the body shape. However,
in the situations when the body is in unsteady motion, local ﬂuid accelerations may
happen due to other eﬀects than the body's motion, making the evaluation of the
added mass more complex. [23, p. 441] [24, p. 582] The ﬁn is in unsteady motion
due to the ship motions. In this study, the ﬁn is assumed to be in steady motion.
The nonlinear eﬀects are primarily related to hydrodynamic damping and not to
the added mass according to [5] and [18]. Therefore, the added mass related to the
vibrating ﬁn can be taken as linear.
Cavitation aﬀects the added mass and hydrodynamic loads and therefore aﬀects
the natural frequencies and critical velocities [3, p. 170]. Cavitation is the formation
of vapour cavities in a liquid usually occurring when a liquid is subjected to rapid
changes of pressure. The eﬀect of cavitation on the natural frequency of the lowest
bending mode is found to increase the frequency by about three per cent for a cavity
length of about 40 per cent of the chord length [7, p. 47]. The cavitation can be
neglected in the conceptual design phase because the eﬀect to the lowest frequency
is relatively small and especially because the data related to the cavitation is not
usually available at this stage.
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In this study, the added mass is calculated from a 2D cross-section model and
thus the span-wise or 3D eﬀects are not taken into account. The reference [18,
p. 218] observed a generally good agreement in the added mass component of lift
between the results of 2D and 3D cantilever plate models. Noticeable diﬀerences
arise only as the tip of the plate is approached. The diﬀerences can be ascribed to
the formation of tip vortices which are not captured by 2D models because the ﬂow
is assumed to be in the xz-plane. This discrepancy becomes more prominent for low
aspect ratio plates. For plates with aspect ratio larger than three, the results can
be considered to be accurate.






where S is the surface area and Ls is the distance from the tip of the wing to the
centreline of the airplane [10, p. 234]. In case of the stator ﬁn, Ls is deﬁned from the
tip to the centreline of the ship, which is the same as the centreline of the propeller
axis in single propeller ships. Noting that the ﬁn is close to the propeller where the
width of the bossing is not large, Ls can be simpliﬁed as L. Thus, for a uniform





which is two times the slenderness ratio deﬁned in the equation (2.11). In other
words, the high aspect ratio means that the ﬁn is slender. Therefore, the added
mass of ﬁns with a slenderness ratio larger than 1.5 can be approximated accurately
with the 2D model.
However, the 2D models seem to overestimate rather than underestimate the
added mass eﬀect due to the reduced order of the model according to the reference
[18, p. 218]. Thus, 2D models may tend to underestimate the natural frequency of
vibrating submerged cantilever plates. The same conclusion is made in the reference
[5], where the experimentally measured resonance frequencies of compliant beams
vibrating underwater were found to exceed theoretical predictions. In addition, the
same conclusion is made by Yadykin et al. [39, p. 122] by studying the ﬂexible
plate oscillating in a ﬂuid. Yadykin et al. [39, p. 122] concluded that the added
mass tends to overestimate the results for aspect ratios higher than ≈ 1.4, and un-
derestimates these values for lower aspect ratio plates vibrating in the fundamental
mode. Therefore, the added mass of the ﬁns with a slenderness ratio smaller than
0.7 is underestimated while one greater than 0.7 is overestimated. In conclusion, the
added mass obtained with the 2D model is conservative from the point of view of the
natural frequency analysis due to the fact that, generally, lower natural frequencies
are considered as worse designs.
The 2D unsteady thin airfoil theory has been shown to be suﬃciently accurate
for the oscillating 2D airfoils in a multitude of experimental investigations [10, p.
280] [27]. In this theory, the foil is simpliﬁed as a ﬂat plate in a small-amplitude
unsteady motion. This is illustrated in Figure 2.10, where a is a distance between
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the LE and the pitching axis. The pitching axis is the axis about which the pitching
motion of the foil occurs. The EOM are deﬁned about the SC and thus the pitching
axis coincides with the elastic axis. The motion consists of an oscillatory heaving
and pitching motion which generates lift and a pitching moment to the foil. The
foil is moving with constant velocity U in an otherwise stationary ﬂuid. Despite
the simpliﬁcations of the theory, this model is said to be useful in estimating the




SC on the elastic axis
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Figure 2.10: The illustration of a 2D ﬂat plate in the oscillatory pitching and
heaving motion. Modiﬁed from [23, p. 454]
Newman [28, p. 145] has presented the 2D added mass coeﬃcients for an os-
cillating ﬂat plate without a chord-wise ﬂow. He states that the added mass of a
ﬂat plate for heave motion is 1
4
piρwc




the density of the ﬂuid which is in this case water. The coupling of the heave and
pitching motions is not taken into account. The values are given for the case where
the COG and the pitching axis are located in the middle of the plate.
The reference [23, p. 453457] introduces the lift and pitching moment equations
for an oscillating ﬂat plate moving with constant velocity U in an otherwise sta-
tionary ﬂuid. The equations include the damping and the added mass parts and
also cross-terms containing the velocity U which take the passing ﬂow into account.
Roughly, the damping parts are dependent on velocities and the added mass parts
on accelerations. The equations are deﬁned about the pitching axis. The COG is
located in the middle of the plate and thus the following relation between the a and




− a . (2.16)
By considering only the terms related to acceleration and introducing the relation
(2.16), the added mass parts of the lift per unit span L′ and the pitching moment
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where ρw is the density of the ﬂuid which is in this case water. The equations are
deﬁned about the SC, as are the EOM. It can be seen that these equations are also
inertially coupled, as are the EOM. The equations are same as Newman's but in
addition taking into account the coupling. This can be seen in case of ex = 0.
In the article [24, p. 585], the panel method is used to calculate the added mass
of NACA0012 section. The results can be compared to the equations (2.17) and
(2.18) when ex =
c
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. The diﬀerences are between one and three per cent. Therefore,
the ﬂat plate simpliﬁcation is accurate enough to approximate the 2D added mass
eﬀect of the NACA 4-digit sections.
The added mass terms of lift and pitching moment are inertial forces similar to
the inertia terms of the EOM in Section 2.1.1. Thus, the equations (2.17) and (2.18)
can be added into the EOM in Section 2.1.1. Including the 2D added mass terms,
the EOM of the submerged ﬁn are
EIxxw













w¨′′ = 0 (2.19)

















= 0 . (2.20)
As the added mass term is dependent on the density of the surrounding ﬂuid, its
signiﬁcance to the EOM can be evaluated with the density ratio. The density ratio





As the density ratio increases, the contribution of the added mass decreases. [24,
p. 589] Thus, the added mass terms can be omitted when the density ratio is very
large. [10, p. 279] [24, p. 582] As a matter of fact, the density ratio is very large
only in case of air and thus the added mass must be taken into account in water,
regardless of the ﬁn density. In this study, the ﬁn density is same as the ﬁn material
density because a solid ﬁn cross-section is considered.
2.2 Calculation method
In this section, the procedure for the solving of the natural frequencies and mode
shapes from the EOM is presented. The EOM are describing the dynamic behaviour
of the system but they are inﬁnite dimensional partial diﬀerential equations and are
therefore complicated to solve exactly. Diﬀerent numerical methods can be used
to solve the structural response and natural frequencies of the cantilever beams or
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plates. The ﬁnite element method (FEM) is used to solve the natural frequencies
and mode shapes, for example in [42] [40] [26] [17]. The boundary element method
is also used, but to solve the structural responses, for example in [25] [32].
In this study, the FEM is used to discretize the EOM to ordinary diﬀerential
equations and solve them in an approximative manner. The natural frequencies and
modes of the ﬁn can be solved from the eigenvalue problem which is formed from
the discretized EOM.
First, the FEM is presented shortly in general. Second, the EOM are discretized
via the FEM. Boundary conditions (BC) are required to deﬁne the cantilever beam
model as the calculation model. Third, the solution of the natural frequencies and
modes from the eigenvalue problem is presented.
2.2.1 Finite Element Method
The ﬁnite element method (FEM) is a numerical method used to solve ﬁeld problems
in an approximative manner. A ﬁeld problem is described by a diﬀerential equation
or by an integral expression. The fundamental idea of the FEM is to divide the
calculation domain into discrete sub-domains, so-called ﬁnite elements, in which
the equations are calculated. Elements have an ﬁnite number of nodes deﬁning
the points where the variables are solved. The variation of the variables over each
element is approximated between the nodes of the element with shape functions
that are usually polynomials. Once the variable values are known at the nodes, the
approximate distribution of the variable over each element is known. Solving the
behaviour of all elements one by one, the behaviour of the whole domain can be
formed by patching the elements together. Thus, instead of solving the diﬀerential
equations at every inﬁnite number of points over a continuum, the equations need
to be solved only at a ﬁnite number of points. With the FEM, various physical
phenomena can be treated numerically inside the continuum under investigation
and good approximate solutions can be obtained for the entire continuum. The
idealization steps related to the procedure are illustrated in Figure 2.11. [29, p. 1 
4] [14, p. 1  2]
Figure 2.11: The idealization steps related to the FEM. [29, p. 2]
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The behaviour of an element is deﬁned with local system matrices. The local
matrices deﬁne the system parameters for the element at the nodes according to the
governing equations and shape functions. Elements are connected through coinci-
dent nodes at the boundaries of the elements. By knowing the particular arrange-
ment of elements called mesh, the entire domain can be assembled from elements.
The local matrices are assembled to the global system matrices which deﬁne the
system parameters of all the nodes in the domain. The global matrices are needed
to solve the diﬀerential equations at each node concurrently. [29, p. 1  4] [14, p. 1
 2]
In this study, the problem is treated as a linear boundary value problem of an
elastic continuum. The boundary value problem is a diﬀerential equation in which
certain information is known a priori for the unknown variables at the boundary
nodes of the domain [29, p. 1]. The BCs are described either by static conditions or
by kinematic conditions. In the problem at hand, the static conditions are related to
the moments and forces and the kinematic conditions to the deﬂections and slopes
at the boundary nodes. [29, p. 311331]
2.2.2 Finite Element Method implementation
In this study, a uniform 2D beam element with a node at each end, shown in Figure
2.12, is used. Each node has four DOFs consisting of ﬂexural translation in the
z-direction w, slope of ﬂexural translation θx, torsional rotation around y-axis θy
















in case of Euler-Bernoulli beam theory. Beam behaviour can be deﬁned by shear
forces, bending and twisting moments, and corresponding displacements. There are
three reactions at each node consisting of shear force in the z-direction Qz, bending
moment about the x-axis Mx and torque about the y-axis My. The length of the
beam element is h.
In the EOM, all material and geometrical parameters of the beam element dy
are assumed to be constant along an element. In reality, the ﬁn has a variable cross-
section. The tapering is taken into account by using a number of stepped uniform
beam elements along the domain. The results converge to the solutions of smoothly
tapered beams as the number of the stepped elements increases [36, p. 834]. Thus,
the calculation procedure becomes simpler.
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(e)













Figure 2.12: The nodal DOFs and nodal forces of a 2D beam element with two
nodes i and j.





+ [K] {D} = 0 , (2.24)
where {D} is a vector containing the nodal DOFs to be solved, [K] is the global
stiﬀness matrix and [M] the global mass matrix. For the chosen beam element, the








The EOM consist of transverse (2.19) and torsion equations (2.20). Thus, the




related to translational and torsional stiﬀness, respectively. The global mass matrix





















] ] . (2.26)








in the global mass matrix in contrast to the diagonal global stiﬀness
matrix.
The global sub-matrices are assembled from local element matrices. Using cubic
Hermite polynomials [43, p. 36] as shape functions, the local element matrices can
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12 6h −12 6h
6h (4 + φ)h2 −6h (2− φ)h2
−12 −6h 12 −6h























































156 22h 54 −13h
22h 4h2 13h −3h2
54 13h 156 −22h




36 3h −36 3h
3h 4h2 −3h −h2
−36 −3h 36 −3h




12 6h −12 6h
6h 4h2 −6h 2h2
−12 −6h 12 −6h
6h 2h2 −6h 4h2
 . (2.35)
The local bending stiﬀness matrix [Kew] includes the shear deformation term in
the form of φ. When a beam element becomes more and more slender, φ approaches





when the shear deformation is neglected from the EOM, meaning the EOM given in
(2.9) and (2.10) are used. The rotary inertia term is the second part of the local mass











The EOM contain eight spatial derivatives requiring eight BCs and four time
derivatives requiring four initial conditions. However, only spatial BCs are required
because only the natural frequencies and modes are to be solved. In the cantilever
beam model, one end of the beam is free and another is ﬁxed. The deﬂections and
slopes at the free end are unrestricted but the bending moment, shear force and
torque must vanish. This gives the following BCs for the free end:
Mx = −EIxxw′′ = 0 (2.37)
Qz = −EIxxw′′′ = 0 (2.38)
My = GJθ
′
y = 0 . (2.39)
At the ﬁxed end, the bending moment, shear force and torque are unrestricted but
the deﬂections and slopes must vanish. This gives the following BCs for the ﬁxed
end:
w = 0 (2.40)
θx = −w′ − EIxx
GAκ2
w′′′ = 0 in case of Timoshenko beam theory (2.41)
θx = w
′ = 0 in case of Euler-Bernoulli beam theory (2.42)
θy = 0 (2.43)
θ′y = 0 . (2.44)
The BCs at the free end are static and the conditions at the ﬁxed end kinematic.
[22, p. 495503] [32, p. 1771  1772]
2.2.3 Solution of natural frequencies and modes
In this section, the procedure to solve the natural frequencies and mode shapes
from the discretized EOM is presented. The natural frequencies and mode shapes of
the system are related to the eigenvalues and eigenvectors of the equations deﬁning
the behaviour of the system. Eigenvalues and eigenvectors can be solved from the
eigenvalue problem. [22, p. 279]
In this study, the eigenvalues and eigenvectors are solved computationally from
the generalized eigenvalue problem. For the studied undamped vibration, the prob-














is an eigenvector associated with the eigenvalue
[22, p. 294].







The eigenvectors deﬁne only the relative values for the nodes, meaning that the mode
shapes describe only the shape of the oscillation related to the natural frequency
and not the absolute deﬂections [22, p. 279].
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2.3 Case study: NACA 4-digit series
In this work, the NACA 4-digit series is used to describe the ﬁn cross-section. This
series is commonly used in measurements and simulations as a foil cross-section
model both in air and water. Thus, the used calculation method can be validated
with the NACA 4-digit cross-section beam by comparing the obtained results to the
literature results. The aim is to study the natural frequency dependency on the ﬁn
parameters and to produce design graphs for the conceptual design phase. Although
the camber and asymmetric shape of the cross-section probably have more eﬀect
on the hydrodynamics and thereby on the ﬂutter cases, the eﬀect on the natural
frequencies is studied.
The NACA cross-section shapes are easy to vary for the parameter study be-
cause the cross-section shapes are deﬁned with analytical formulas consisting of
three parameters. The parameters are the maximum thickness of the section t, the
maximum camber m and the location of the maximum camber as a distance from
the LE p. The numbering system of NACA 4-digit series is based on these three
parameters. The ﬁrst integer indicates the value of m in per cent of the chord. The
second integer indicates the value of p in tenths of the chord. The last two integers
indicate the value of t in per cent of the chord. [1, p. 114]
The NACA 4-digit cross-section is deﬁned by a thickness distribution and a mean
line equation. The thickness distribution is symmetric and deﬁnes the location of
the upper and lower surface of a symmetrical wing section along the chord line as
a function of t. The mean line equation takes into account asymmetry of the wing
section with the camber and the shape of the mean line. It is a function of m and
p. The symmetric cross-section is deﬁned with the thickness distribution and thus
m and p equal 0. The asymmetric distribution is deﬁned by a combination of the
thickness distribution and the mean line equation. [1, p. 113114]
The parameters c, t, m and p describe the ﬁn cross-section satisfyingly from
the ﬁn design point of view but geometrical properties are needed to describe the
structural response. The cross-sectional area A, the area moments of inertia Ixx and
Izz and the polar moment of inertia Iyy can be calculated with analytical formulas
[30, p. 687689]. The torsion constant J and the distance between the SC and COG
ex and ez have analytical formulas only for elementary cross-sections such as a circle
and rectangle. A good option is to calculate all geometrical properties with FE-
software. This would be time consuming for the used cross-sections with varying
parameters and therefore the approximative formulas are developed to deﬁne all the
geometrical properties as a function of the parameters c, t, m and p. Thus, only the
four cross-section parameters c, t, m and p are required to calculate the geometrical
properties. Moreover, these parameters are used as variables in the ﬁn design graphs
and other cross-sectional parameters can be omitted. In addition, the simplicity of
the approximative formulas can help to outline the eﬀect of the four parameters to
the cross-sectional properties and the ﬁn stiﬀness and moreover helps to underline
the parameters having the greatest eﬀect on the natural frequencies.
The regression analysis is used to develop the approximative formulas. The
geometrical properties of symmetric cross-sections NACA0009 and NACA0012 and
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asymmetric NACA2412, NACA5412 and NACA9412 are calculated with the FE-
software FEMAP and utilized in the regression analysis. The rectangle from the
elementary shapes is found to be a relatively good approximation for the NACA 4-
digit series and is therefore used in the development of the approximative formulas
for the cross-sectional area A, the area moment of inertia about the x-axis at the
SC Ixx, the polar moment of inertia about the y-axis at the SC Iyy, the distance
between the COG and SC parallel to x-axis ex and the torsion constant J .
The cross-sectional area is found to match the value of the rectangle when the
chord length c and the thickness t are corrected by multiplying them with the factor
of 0.825. A similar match is found for the area moments of inertia and therefore the
corrected chord length ca and corrected thickness ta are utilized and deﬁned as
ca = 0.825c (2.47)
ta = 0.825t . (2.48)
The other two parameters, m and p, are not aﬀecting the cross-sectional area and
the area moment of inertia about the z-axis at the COG ICOGzz but both are found
to aﬀect the area moment of inertia about the x-axis at the COG ICOGxx .
The ex and ez values are deﬁned with the locations of the COG and the SC as
ex = x− x˜ positive when COG is on the TE side of SC (2.49)
ez = z − z˜ positive when COG is on the lower surface side of SC, (2.50)
where x and z are the location of the COG and x˜ and z˜ the location of the SC. The
ex value is deﬁned as positive when the COG is on the TE side of the SC and the ez
when the COG is on the lower surface side of the SC. This is illustrated previously
in Figure 2.4. The value of x is found to depend only on the chord length and z on
the parameters m and p. The values of x˜ and z˜ are found to depend on all the three
parameters c, m and p.
The good approximation for the torsion constant J is found to be based on the
analytical equation of a torsion member having a narrow rectangular cross-section.
The analytical equation is obtained by using the membrane analogy by assuming
t << c. [30, p. 472474]
The developed approximative formulas of the geometrical properties are listed
below:
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A = cata (2.51)
x = 0.42c (2.52)
z = 0.85m− 0.2mp (= 0 if p = 0) (2.53)
x˜ = ((1 + 0.6m)0.34 + 0.1mp) c (2.54)
z˜ = (1.2m− 0.2mp) c (2.55)
ICOGxx =
(
































The applicability of the derived formulas is justiﬁed by comparing the geomet-
ric property values calculated with both the FE-software and the approximative
formulas in Table 2.1. The geometric property values of NACA0009, NACA0012,
NACA2412, NACA5412 and NACA9412 are compared. The relative diﬀerence in
per cent is used to compare results.
To summarize, the relative diﬀerences are less than ﬁve per cent in general. For
symmetric cross-sections, the diﬀerences are less than three per cent. In case of
asymmetric cross-sections, the diﬀerence increases if the camber ratio m increases.
The diﬀerence of the area moment of inertia about the x-axis at the SC Ixx increases
the most, gaining the greatest diﬀerence of eight per cent in the NACA9412. Since
other properties are diﬀering less than ﬁve per cent, the derived approximative




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The current chapter is divided into four parts. In the ﬁrst part, the calculation
method is veriﬁed against analytical results and the calculated results are validated
against experimental results of NACA 4-digit section beams. The second part studies
the signiﬁcance of the shear deformation, rotary inertia, coupling and added mass
terms with respect to natural frequencies. The purpose is to check when the terms
can be neglected in calculations and when not. The third part deﬁnes natural
frequency dependencies on the calculation parameters. The parameters are length,
chord length, thickness, camber, location of maximum camber, span-wise variation
and material. The purpose is to give guidelines for the designer on how the change
in parameter aﬀects the frequencies. The fourth part presents the idea to utilize
design graphs in the selection of ﬁn parameters. The purpose is to give the lowest
frequencies in the graphs so that the designer can check the predicted frequency
with diﬀerent sets of parameters.
3.1 Veriﬁcation and validation
In this section, the calculation method to predict the natural frequencies and modes
is veriﬁed against analytical results and the results are validated against experi-
mental results of NACA 4-digit series. First, the method is veriﬁed by comparing
results to analytical formulas of the most simple case of uniform and linearly ta-
pered cantilever beams with solid rectangular cross-sections in a vacuum, meaning
without coupling and added mass. In addition, the method is veriﬁed by comparing
natural frequencies of bending to numerical results of cantilever beams with NACA
4-digit cross-sections in a vacuum and water without coupling. Second, the results
are validated against experimental studies of NACA 4-digit cross-section wings in
a vacuum, air and water. The vacuum and air cases are used to validate if the
simpliﬁed approach and the approximative cross-section properties are capable of
predicting such a ﬁn structure. The water and air cases are used to validate if the
simpliﬁcation can take the ﬁn-ﬂuid interaction into account in order to predict natu-
ral frequencies and mode shapes at a reasonable level also for submerged ﬁns. Since
only the lowest natural frequencies and modes are of interest, the accuracy in low
frequencies is priority in evaluation. The results should be inside the margin of ﬁve
or ten per cent in case of the lowest natural frequencies.
3.1.1 Veriﬁcation of the calculation method
In this section, the analytical formulas for diﬀerent cantilever beams are used to
verify the calculation method for the dry uncoupled EOM. The method is veriﬁed
by comparing the lowest natural frequencies of bending and torsion. The analyti-
cal formulas are based on Euler-Bernoulli beam theory. The cantilever beams are
consisting of both uniform and linearly tapered beams with solid rectangular cross-
sections. In addition, the numerical results of NACA0012 cross-section beams are
used to verify the calculation method for the submerged uncoupled bending EOM.
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The analytical formula to calculate the natural frequencies of a slender and








where the natural frequency ω is in Hertz. The analytical formula for the corre-
sponding mode shapes is given as
Xn(x) = cosh βnx− cos βnx− σn(sinh βnx− sin βnx) . (3.2)
The symbol n is the ordinal number of the natural frequency and the corresponding
mode shape. The symbol βn is a weighting number for bending as a fraction of a
length of the beam L. The symbol σn is a mode shape coeﬃcient. The coeﬃcient
values for the ﬁve lowest natural frequencies and modes are given in Table 3.1. [22,
p. 500]
The results of the ﬁve lowest natural bending frequencies and mode shapes for
the uniform cantilever beam calculated without shear deformation, rotary inertia,
coupling and added mass terms are presented in Table 3.1 and Figures A.1 and
A.2 in comparison to the analytical results. The results are obtained with property
values of A = 1, E = 1, L = 1, I = 1 and ρ = 1. Both the natural frequency values
and the natural mode shapes are matching perfectly with each other.
Table 3.1: The comparison of analytical and calculated natural frequencies in
bending for uniform cantilever beams without the shear deformation, rotary inertia,
coupling and added mass terms.
n βn σn analytical ωn calculated ωn relative difference [%]
1 1.875 0.734 0.56 0.56 0.1
2 4.694 1.019 3.51 3.51 0.1
3 7.855 0.999 9.82 9.82 0.0
4 10.996 1.000 19.24 19.24 0.0
5 14.137 1.000 31.81 31.81 0.0
The analytical formula for natural frequencies of a uniform cantilever beam in







where the natural frequency ω is in Hertz. The analytical formula for the corre-






The results of the ﬁve lowest natural torsional frequencies and mode shapes for
the uniform cantilever beam calculated without shear deformation, rotary inertia,
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coupling and added mass terms are presented in Table 3.2 and Figures A.3 and
A.4 in comparison to the analytical results. The results are obtained with property
values of G = 1, J = 1, L = 1, Iyy = 1 and ρ = 1. Again, both the natural frequency
values and mode shapes are matching perfectly with each other.
Table 3.2: The comparison of analytical and calculated natural frequencies in tor-
sion for uniform cantilever beams without shear deformation, rotary inertia, coupling
and added mass terms.
n analytical ωn calculated ωn relative difference [%]
1 0.25 0.25 0.0
2 0.75 0.75 0.0
3 1.25 1.25 0.0
4 1.75 1.75 0.0
5 2.25 2.25 0.0
The analytical formula for the ﬁrst natural frequency of a linearly tapered can-








where the parameters Ixx,root and Aroot are the cross-section values at the root.
The formula is based on the analytical formula presented in the equation (3.1) but
is modiﬁed with the correction factor C1, which takes the linear truncation into
account. The truncation is assumed to be so that the width tapers and the height
does not. The correction factor for a solid rectangular cross-section is deﬁned as
C1 = 1.14− 1.95ξ + 3.35ξ2 − 3.08ξ3 + 1.10ξ4 , (3.6)





where ctip and croot are the width of the beam at the tip and at the root, respectively.
[20]
The results of the ﬁrst natural frequency for the linearly tapered cantilever beams
calculated without shear deformation, rotary inertia, coupling and added mass terms
are presented in Table 3.3 and Figures A.5, A.6, A.7, A.8 and A.9 in comparison to
the analytical results. The results are obtained with property values of Aroot = 1,
E = 1, L = 1, Ixx,root = 1 and ρ = 1. Five diﬀerent beam designs are investigated
with taper ratios of 0, 0.2, 0.4, 0.6 and 0.8. Again, the natural frequency values of
both beam designs are matching perfectly with each other.
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Table 3.3: The comparison of analytical and calculated natural frequencies in
bending for linearly tapered cantilever beams without shear deformation, rotary
inertia, coupling and added mass terms.
span-wise variation croot ctip analytical ωn calculated ωn relative difference [%]
linear 1 0 1.14 1.14 0.0
linear 1 0.2 0.86 0.86 0.0
linear 1 0.4 0.73 0.73 0.0
linear 1 0.6 0.65 0.65 0.0
linear 1 0.8 0.6 0.6 0.0
The natural frequencies of the cantilever beam with NACA0012 cross-section
are numerically solved in the article [25]. In the article, the governing equations are
based on Euler-Bernoulli beam theory and the coupling is disregarded. The added
mass of the cross-section is solved numerically. The results of the four lowest bending
frequencies in a vacuum and water are compared in Table 3.4. The bending frequen-
cies are calculated with both uncoupled and coupled equations taking into account
shear deformation and rotary inertia terms. Figure 3.1 shows the calculated results
of the beam in air with coupled EOM. The six lowest natural frequencies and modes
shapes are shown in six separate graphs. The graphs show the bending shape with
a dotted line and the torsion shape with a dashed line. The rest of the calculated
results are shown in Figures A.10, A.11, A.12 and A.13. The material properties
and cantilever dimensions are taken from the article [25] but the cross-section prop-
erties are calculated with the approximative formulas presented in Section 2.3. The
deviation between numerical and calculated results is less than 2 per cent. In case
of uncoupled results in vacuum, the relative diﬀerence decreases when the frequency
increases. In water, however, the diﬀerence increases when the frequency increases.
The current method slightly overestimates the frequency in a vacuum and underes-
timates in water. In case of coupled results in water, the diﬀerence increases when
the frequency increases and the frequencies are slightly underestimated.
Table 3.4: The comparison of numerical and calculated natural frequencies in
bending for a uniform NACA0012 cross-section beam.
La Mantia (2013) ωn calculated ωn (uncoupled) relative difference [%] calculated ωn (coupled) relative difference [%]
Mode 1
in vacuum [Hz] 22.2 22.5 1.3 22.5 1.3
in water [Hz] 10.5 10.5 -0.2 10.5 -0.5
Cam 3.46 3.59 3.9 3.62 4.7
Mode 2
in vacuum [Hz] 139.2 140.5 0.9 140.2 0.7
in water [Hz] 65.9 65.8 -0.2 65.7 -0.3
Cam 3.46 3.56 2.8 3.55 2.7
Mode 3
in vacuum [Hz] 389.8 392.6 0.7 391.0 0.3
in water [Hz] 184.6 184.0 -0.3 183.3 -0.7
Cam 3.46 3.55 2.7 3.55 2.6
Mode 4
in vacuum [Hz] 763.8 767.1 0.4 760.0 -0.5
in water [Hz] 361.8 359.6 -0.6 356.4 -1.5
Cam 3.46 3.55 2.7 3.55 2.6
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Figure 3.1: Veriﬁcation against numerical results: NACA0012 cantilever in water
with the coupling term
In summary, the calculation method gives exact results for uniform and linearly
tapered cantilever beams when compared to simpliﬁed analytical solutions. In ad-
dition, the calculated results are very close to the numerical results of [25]. The
natural bending frequencies of the NACA0012 cross-section beam with and without
added mass are deviating less than 2 per cent.
3.1.2 Validation of the NACA 4-digit cross-section beam results
In this section, the partly experimental results are used to validate the applicability
of the simpliﬁed approach to the prediction of the lowest natural frequencies and
mode shapes of the NACA 4-digit cross-section beams. In addition, the added mass
eﬀect is compared between the current approach and the literature.
The results are validated with three experimental studies made for symmet-
ric NACA 4-digit cross-section cantilevers and one experimental study made for
NACA16-022 cross-section cantilever. All of the experiments were measured in both
air and still water conditions. The latter study has more extensive experiments than
in the other three studies and thus it is used for validation, although NACA 4-digit
series cross-section was not used. The four validation cases are described below. In
the ﬁrst validation case, the natural frequencies of a uniform NACA16-022 cross-
section cantilever beam were measured experimentally in air and water by [9]. In
addition, theoretical calculations were done with analytical formulas. In the sec-
ond case, the three lowest natural frequencies of a uniform NACA0009 cross-section
cantilever beam were measured numerically and experimentally in air and water by
[40]. The numerical solution of the frequencies were executed in FEM sofware with
a 3D model consisting of solid elements. In the third case, the three lowest natural
frequencies of a uniform NACA0009 cross-section cantilever beam were measured
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numerically and experimentally in air and water by [37]. The numerical solution
of frequencies was executed in FEM sofware with a 3D model consisting of solid
elements. The TE of the used cross-section is truncated whereas in Case 2 the TE
is sharp according to the Donaldson shape. In the fourth validation case, the lowest
natural bending frequencies of tapered NACA0009 cross-section cantilever beams
were measured numerically and experimentally in air and water by [42]. The beam
is linearly tapered so that the tip chord is half of the root chord. The measurements
were conducted for beams made of steel, aluminium and two diﬀerent composites.
Thus, the validation case is divided into four sub-cases respective to the beam ma-
terial. For the steel and aluminium beams, impact test were executed only in air
and the values in water were obtained by estimating the added mass according to
Blevins [11]. For the composite beams, impact test were conducted in both air and
water. In addition, the natural frequencies and mode shapes of the two composite
beams were calculated numerically in FEM sofware with a 3D model consisting of
plate elements.
Table 3.5 presents the calculation parameters used in the four validation cases.
The material properties and the length of the cantilever are taken from the arti-
cles but the cross-section properties are calculated with the approximative formulas
presented in Section 2.3. Validation Case 1 is calculated without shear deformation
and rotary inertia terms because the information given in the article is insuﬃcient.
The value of the cross-sectional area moment of inertia about the x-axis calculated
with the approximative formulas is underestimated by two per cent in Validation
Cases 4.1 and 4.2 and by ﬁve per cent in Cases 4.3 and 4.4. The polar moment
of inertia about the y-axis is underestimated by six per cent in Validation Case 4.
Validation Cases 4.3 and 4.4 are calculated with estimated Poisson's ratio values
due to insuﬃcient information. In addition, it should be noted that the cantilever
is simpliﬁed as an isotropic solid although it is a composite.
Table 3.5: The calculation parameters used in the validation cases.
Calculation parameters Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
material 73 % lead, 27 % tin aluminium aluminium steel aluminium composite CFRP00 composite CFRP30
cross-section design solid with steel spar solid solid solid solid layered layered
L 0.381 0.15 0.15 0.3 0.3 0.3 0.3
croot [m] & ctip [m] 0.152 & 0.152 0.1 & 0.1 0.1 & 0.1 0.12 & 0.06 0.12 & 0.06 0.12 & 0.06 0.12 & 0.06
α 2.5 1.5 1.5 2.5 & 5.0 2.5 & 5.0 2.5 & 5.0 2.5 & 5.0
tmax 0.01 0.01 0.0108 0.0108 0.0108 0.0108
mass per length [kg/m] 17.5
ex [per cent of c/2] 0.0133
radius of gyration [per cent of c/2] 0.00586
ρ [kg/m3] 2700 2700 7900 2700 1600 1600
EIxx 163.3
E [Pa] 6.90E+10 6.90E+10 1.93E+11 7.10E+10 6.50E+10 2.60E+10
GJ 55.1
G [Pa] 2.59E+10 2.59E+10 7.42E+10 2.66E+10 2.50E+10 1.00E+10
ν 0.334 0.334 0.3 0.334 0.3 (guessed) 0.3 (guessed)
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The experimental and numerical results of the validation cases are presented in
Tables 3.6 and 3.7. The lowest natural frequencies of bending and torsion are given
in Hertz. The eﬀect of added mass is studied with the added mass coeﬃcient Cam.






− 1 , (3.8)
where ωair,n and ωwater,n are the corresponding natural frequencies of nth mode in air
and water, respectively [37, p. 175]. The deﬁnition comes from the approximative
relation between the natural frequency and the mass in the most simpliﬁed EOM
in bending [7, p. 4647]. The experimental and numerical values are compared in
Table 3.8 The relative diﬀerence is calculated with respect to experimental values
and given in per cent. A negative relative diﬀerence means that numerical results
are smaller than experimental.
Table 3.6: The experimental results of the validation cases in air and water. The
lowest bending and torsion frequencies are given in Hertz. The added mass coeﬃcient
Cam is deﬁned in Equation (3.8).
Experimental results Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] 11.0 288.2 270.2 100 100 112 72
ω in torsion in air [Hz] 33.0 1027.6 1018.6 - - - -
ω in bending in water [Hz] 8.4 123.8 130.2 62 42 41 26
ω in torsion in water [Hz] 27.0 621.3 614.8 - - - -
Cam in bending 0.71 4.42 3.31 1.60 4.67 6.46 6.67
Cam in torsion 0.49 1.74 1.74 - - - -
Table 3.7: The numerical results of the validation cases in air and water. The lowest
bending and torsion frequencies are given in Hertz. The added mass coeﬃcient Cam
is deﬁned in Equation (3.8).
Numerical results Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] 10.78 283 274.9 - - 104 76
ω in torsion in air [Hz] 31.83 1044 1024.0 - - 415 304
ω in bending in water [Hz] 8.19 132 125.3 - - - -
ω in torsion in water [Hz] 24.12 637 630.0 - - - -
Cam in bending 0.73 3.60 3.81 - - - -
Cam in torsion 0.74 1.69 1.64 - - - -
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Table 3.8: The relative diﬀerences of experimental and numerical natural frequen-
cies of the validation cases in air and water. The relative diﬀerence is calculated
with respect to experimental results shown in Table 3.6 and is given in per cent.
A negative relative diﬀerence means that numerical results are smaller than experi-
mental.
Relative difference [%] Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] -2.0 -1.8 1.7 - - -7.1 5.6
ω in torsion in air [Hz] -3.5 1.6 0.5 - - - -
ω in bending in water [Hz] -2.5 6.6 -3.8 - - - -
ω in torsion in water [Hz] -10.7 2.5 2.5 - - - -
Cam in bending 2.5 -18.6 15.3 - - - -
Cam in torsion 50.1 -2.8 -5.9 - - - -
The numerical results obtained with ﬁnite element software in Validation Cases 2,
3 and 4 match the experimental results with good accuracy. In general, the diﬀerence
between the results stay below seven per cent. The ﬁnite element calculations with a
solid 3D model used in Cases 2 and 3 show good correspondence to the experiments
in air, deviating less than two per cent. Greater deviance can be seen in frequencies
in water, but mostly in the bending in water. The lowest bending frequency in water
is overestimated in case of a sharp TE and underestimated in case of a truncated
TE. The ﬁnite element calculations with a plate element model used in Cases 4.3
and 4.4 show greater diﬀerence to the experiments than with the solid element
model. However, the beam in Cases 4.3 and 4.4 is composite and its modelling layer
by layer may lead to extra deviations when compared to experiments. Numerical
results match well with the experiments except in case of the lowest torsion frequency
in water, which deviates 11 per cent. In summary, the results calculated with 3D
models are deviating 7 per cent at maximum. This must be noted when comparing
the experiments to the results calculated in this work.
The natural frequencies calculated with the current approach are presented in
Table 3.9. The lowest natural frequencies of bending and torsion are given in Hertz.
The calculated values are compared to both experimental and numerical values with
the relative diﬀerence, which is calculated in respect to experimental or numerical
values and given in per cent. The calculated values are compared to experimental
values in Table 3.10 and to numerical values in Table 3.11. The relative diﬀerence
is calculated with respect to experimental values or to numerical values and is given
in per cent. A negative relative diﬀerence means that calculated results are smaller
than experimental or numerical results.
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Table 3.9: The natural frequencies of the validation cases in air and water calcu-
lated by the current approach. The lowest bending and torsion frequencies are given
in Hertz. The added mass coeﬃcient Cam is deﬁned in Equation (3.8).
Calculated results Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] 11.8 296.5 296.5 103.7 107.4 133.2 84.2
ω in torsion in air [Hz] 36.8 1023.6 1023.6 739.5 756.3 950.4 352.6
ω in bending in water [Hz] 8.3 129.5 129.5 64.1 44.9 44.6 28.2
ω in torsion in water [Hz] 15.2 486.6 486.6 487.2 345.2 349.5 118.2
Cam in bending 1.05 4.24 4.24 1.62 4.72 7.92 7.92
Cam in torsion 4.86 3.43 3.43 1.30 3.80 6.39 7.90
Table 3.10: The natural frequencies calculated by the current approach are com-
pared to experimental natural frequencies shown in Table 3.6. The relative diﬀerence
is calculated with respect to experimental results and is given in per cent. A negative
relative diﬀerence means that calculated results are smaller than experimental.
Relative difference [%] Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] 7.3 2.9 9.7 3.7 7.4 18.9 16.9
ω in torsion in air [Hz] 11.5 -0.4 0.5 - - - -
ω in bending in water [Hz] -1.8 4.6 -0.5 3.4 6.9 8.8 8.5
ω in torsion in water [Hz] -43.7 -21.7 -20.9 - - - -
Cam in bending 46.3 -4.1 28.2 1.0 1.1 22.6 18.7
Cam in torsion 884.5 97.4 96.3 - - - -
Table 3.11: The natural frequencies calculated by the current approach are com-
pared to numerical natural frequencies shown in Table 3.7. The relative diﬀerence
is calculated with respect to numerical results and is given in per cent. A negative
relative diﬀerence means that calculated results are smaller than numerical.
Relative difference [%] Case 1 Case 2 Case 3 Case 4.1 Case 4.2 Case 4.3 Case 4.4
ω in bending in air [Hz] 9.5 4.8 7.8 - - 28.1 10.8
ω in torsion in air [Hz] 15.6 -2.0 0.0 - - 129.0 16.0
ω in bending in water [Hz] 0.7 -1.9 3.4 - - - -
ω in torsion in water [Hz] -37.0 -23.6 -22.8 - - - -
Cam in bending 42.8 17.9 11.2 - - - -
Cam in torsion 555.6 103.1 108.6 - - - -
First, the calculated results are compared to the experimental results. The cal-
culated bending frequencies in both air and water are deviating less than ten per
cent when Validation Cases 4.3 and 4.4 are not considered. The calculated torsion
frequencies in water are deviating more than 20 per cent but matching well in air.
The torsion frequencies in water are small compared to experimental values. Thus,
the added mass eﬀect is highly overestimated in torsion.
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When the torsion in water is not considered, the results are deviating less than
ﬁve per cent in Cases 2 and 4.1. The NACA0009 cross-section was used in these
cases. The deviation in bending frequencies and added mass coeﬃcient are greater
in Case 3 than in Case 2. Thus, the truncated TE in Case 3 seems to have a
greater eﬀect on the bending behaviour than the torsion. It must be noted that
the truncated TE was not taken into account in the calculation model. The results
of Validation Case 1 are deviating more than in Cases 2, 3, 4.1 and 4.2 but the
calculated results are still matching reasonably well. The added mass coeﬃcient
deviates highly in both in air and water and thus the ﬂat plate simpliﬁcation is not
working for this cross-section proﬁle. It must also be noted that the tested beam
was constructed by cementing segments to steel spars and segments were ballasted
to produce desired characteristics. The segments were made of lead and tin. This
might be the reason for such large diﬀerences in bending and torsion behaviour due
to neglected chord-wise response.
Although the beam cross-section is the same as in Cases 4.1 and 4.2, the bending
frequencies in air deviate almost 20 per cent. The diﬀerence between beams is the
used material, which is composite in these cases compared to steel and aluminium
in Cases 4.1 and 4.2. The simpliﬁed approach is not able to represent a composite
consisting of diﬀerent layers and varying material properties. The added mass coeﬃ-
cient also deviates by 20 per cent compared to four per cent in Case 2. It seems that
the ﬂat plate simpliﬁcation overestimates the added mass eﬀect in bending more
when the density ratio decreases.
Second, the calculated results are compared to the numerical results. The focus
is to compare the 3D ﬁnite element calculations to the used beam approach. In
Validation Cases 2 and 3, the bending frequencies in air and water and the torsion
frequencies in air are matching well. The 3D ﬁnite element model seems to provide
no signiﬁcant advantages over the beam approach when comparing the lowest natural
frequencies of solid cross-section ﬁns made of isotropic materials. When comparing
the results of solid or hollow ﬁns made of composite material, the beneﬁts of more
accurate 3D modelling are signiﬁcant. Liang et al. compared numerical results
to experimental results which gave the error of ﬁve per cent in air and ten per
cent in water in case of submerged cantilever plate natural frequencies [26, p. 1241].
Therefore, the simpliﬁed approach used is accurate enough to approximate the lowest
natural frequencies and faster in comparison to more thorough 3D modelling.
In summary, the trend is that the calculated natural frequencies are overesti-
mated in bending and torsion in air but underestimated in water. The added mass
eﬀect seems to be overestimated in both bending and torsion as predicted in Section
2.1.3. Validation Case 2 showed exception by slightly underestimating the added
mass eﬀect in bending. In case of ﬁns, the low values of natural frequencies are
considered worse than the high values. Thus, the underestimation of values is con-
sidered conservative from the designing point of view. The lowest bending frequency
seems to be much lower than the lowest torsion frequency and thus the better accu-
racy in the bending frequency calculation is more important. Taking into account
the good accuracy in bending frequencies and the underestimation of frequencies in
water, the current approach is applicable to estimate the lowest natural frequencies
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of ﬁns similar to NACA 4-digit series in still water.
3.2 The signiﬁcance of terms
In this section, the relative signiﬁcance of shear deformation, rotary inertia, coupling
and added mass terms is studied. The goal is to point out the parameter ranges
in which the terms have a signiﬁcant eﬀect. This is studied for four cases. The
ﬁrst case studies the shear deformation term, the second the rotary inertia term,
the third the coupling term and the fourth the added mass term. The relative
signiﬁcance is studied by comparing the ﬁve lowest natural frequencies calculated
with and without a term studied at a time. The frequencies are compared with
the relative diﬀerence with respect to results without a term studied. The results
used as a reference value are calculated with the EOM without shear deformation,
rotary inertia, coupling and added mass terms. The cross-sectional properties are
calculated with the approximative formulas given in Section 2.3. The cross-section
used is NACA0012 except in Cases 1 and 2, in which the thickness relative is varying.
The beam is uniform and made of steel except in Case 4, in which the density ratio
is varying.
In Cases 1 and 2, the signiﬁcance of shear deformation and rotary inertia terms
are studied by varying the dimensions of the beam. In case of NACA 4-digit series,
the thickness is deﬁned in per cent of the chord length c and thus the ratio α
t
can be
used to describe the ratio between the length and thickness as mentioned in Section
2.1.2. The cases can be studied by varying the slenderness ratio α and the ratio α
t
.
The values of α are chosen so that one value is clearly over the slenderness limit,
one at the limit and one clearly below the limit. The values for α are 50, 10 and 2.
The values for α
t
are 1, 0.5 and 0.1 and are chosen to describe very thick, thick and
thin foil sections, respectively.
In Case 3, the signiﬁcance of the coupling term is studied by varying the slender-
ness ratio and the distance between the SC and COG ex. The value of ex is deﬁned
in per cent of the chord length, as with the thickness value. The same α values of
50, 10 and 2 are used. The values of ex are 0.01, 0.05 and 0.25 and are chosen to
describe an almost double symmetric foil section, a generally average NACA 4-digit
section and a very LE weighted foil section.
In Case 4, the signiﬁcance of the added mass term is studied by varying the
slenderness ratio α and the density ratio µ. The same α values of 50, 10 and 2
are used. The density ratio µ is the ratio between the density of the beam and the
ﬂuid. The values of µ are 7.8, 2.7 and 1.0. The ﬁrst and second values are chosen to
describe a solid beam made of steel and aluminium, respectively. The third value is
describing a lightweight beam made of composites.
The case results are presented in graphs in Appendix C. In the graphs, the
number in the legend indicates the type of the mode shape. The bending mode is
indicated with number 1, torsion with number 2 and mixed mode with number 3.
The type is deﬁned as bending or torsion if the maximum relative amplitude of the
respective mode shape is more than ﬁve times larger than another. Otherwise, the
type is deﬁned as a combination. Hyphens separate the results with and without
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term studied, respectively. Commas separate the modes 1st, 2nd, 3rd, 4th and
5th, respectively. The relative diﬀerences are summarized in Table 3.12, in which
the relative diﬀerences in ﬁrst bending and torsion modes are shown in per cent
separately for the four cases.
Table 3.12 shows that the shear deformation and rotary inertia aﬀect only the
bending frequencies, which can be seen already from the EOM. The results show
that the shear deformation has an eﬀect of about three times more on the bending
frequencies than on the rotary inertia. This is in accordance with the assumption
related the ratio γ2 in Section 2.1.2. Both of the ratios aﬀect the signiﬁcance of the
terms. However, the slenderness ratio can be the considered the more important
factor due to the fact that the length and the chord varies more than the thickness
in the ﬁn designs. Figures C.1 and C.2 show that the terms are more signiﬁcant
for higher bending frequencies. In the graph showing the relative diﬀerences in
Case 1 with parameters α = 1 and α
t
, the shear deformation seems to aﬀect the
higher torsion frequencies. The diﬀerence, however, results from the changed cross-
sectional properties which increased the torsion frequencies so that the fourth mode
is changed from torsion to bending and the ﬁfth mode from the third torsional mode
to second. A similar change in mode type can be seen in the graph of case 2 with
parameters α = 1 and α
t
. Based on the study, the shear deformation term aﬀects
the results if the ﬁn is slender. Even if only the ﬁrst bending frequency is of interest,
the shear deformation can be neglected if the ﬁn section is thin. The rotary inertia
term can be neglected only if the ﬁrst bending frequency is of interest.
In Case 3, Table 3.12 shows that the coupling has more eﬀect on the ﬁrst torsion
frequency than on the ﬁrst bending frequency. Figure C.3 show that the coupling
term changes many of the higher bending modes to mixed modes, even in case of
slender beams. Although the frequencies deviate more when α decreases and ex
increases, the coupling term seems to have a greater eﬀect on the mode shapes than
on the frequencies due to the mixing of bending and torsion modes. Based on the
study, the coupling term can be neglected if the ﬁn is slender, the cross-section is
almost double symmetric and only the lowest frequency is of interest. However, the
term has signiﬁcant eﬀect in case of short and wide ﬁns with a very LE weighted
section.
Figure C.4 shows that the added mass term has greater eﬀect on the torsion
frequencies than on the bending frequencies. This follows from the fact that the
terms are diﬀerent for torsion and bending in the EOM. Table 3.12 shows that
the added mass is always a signiﬁcant term in this study. The density of water is
large enough even when compared to the steel, so that the added mass cannot be
neglected. The signiﬁcance increases when the density ratio decreases. This is in line
with the assumption in Section 2.1.3. Based on the study and previous assumptions,
the added mass term needs to be taken into account regardless of the ﬁn design.
In addition, the term decreases the natural frequencies, which is considered worse
trend. This study considers only solid ﬁn designs but the added mass eﬀect is even
greater in case of lightweight ﬁn designs that decrease the natural frequencies even
more.
In summary, if only the lowest natural frequency is of interest, the shear defor-
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mation, rotary inertia and coupling terms can be neglected in case of slender ﬁns.
However, in case of short and wide ﬁns with asymmetric cross-sections, the terms
should be taken into account. The added mass must always be taken into account
if the ﬁn is submerged in water.
Table 3.12: The summary of term signiﬁcance study. The relative diﬀerence in ﬁrst
bending and torsion modes is shown in per cent separately for the shear deformation,
rotary inertia, coupling and added mass cases.
Case 1: shear deformation term Case 2: rotary inertia term
Relative difference [%] in first bending mode Relative difference [%] in first bending mode
α \ α/t 1 0.5 0.1 α \ α/t 1 0.5 0.1
50 0 0 0 50 0 0 0
10 0 0 0 10 0 0 0
2 10 2.5 0 2 3 1 0
Relative difference [%] in first torsion mode Relative difference [%] in first torsion mode
α \ α/t 1 0.5 0.1 α \ α/t 1 0.5 0.1
50 - - - 50 - - -
10 0 0 0 10 0 0 0
2 0 0 0 2 0 0 0
Case 3: coupling term Case 4: added mass term
Relative difference [%] in first bending mode Relative difference [%] in first bending mode
α \ ex 0.01 0.05 0.25 α \ μ 7.8 2.7 1
50 0 0 0 50 32 52 69
10 0 0 0 10 32 52 69
2 0 0 2.5 2 32 52 69
Relative difference [%] in first torsion mode Relative difference [%] in first torsion mode
α \ ex 0.01 0.05 0.25 α \ μ 7.8 2.7 1
50 - - - 50 - - -
10 0 2 8 10 46 63 78
2 0 2 35 2 46 63 78
3.3 Calculation parameter dependencies
In this section, the eﬀect of the calculation parameters on the natural frequencies
and mode shapes are studied. The goal is to ﬁnd trends which can be taken into
account in design graph production and in the ﬁn design process itself.
The parameters can be divided into material and geometric properties. The
material properties are E, ν, G, ρ and ρw. The ﬂuid density is taken as constant
although the water density varies a bit across the globe. The other properties are
dependent on the ﬁn material and thus the ﬁn material can be the only material-
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related parameter used in the parameter study. Three diﬀerent materials are used
and presented with the material property values in Table 3.13. Steel is a good guess
for the material in the marine ﬁeld as it is commonly used. Steel is a relatively heavy
material and thus lighter materials are chosen for comparison. Aluminium is also
commonly used in the marine ﬁeld and is almost three times lighter than steel. One
material representing composites is used to include a more lightweight design into
the study. Since the ﬁn cross-sectional design is limited to only a solid cross-section
made of one material, the results cannot be taken as an accurate representation of
composite ﬁns, but rather only to evaluate trends. This can be concluded from the
results presented in Section 3.1.2.
Table 3.13: The material properties used in the parameter dependency study.
Material Name E [GPa] ρ [kg/m3] ν G [GPa] E/ρ [Pa*kg/m3] G/ρ [Pa*kg/m3]
1 Steel 200 7800 0.3 77 2.56E+07 9.86E+06
2 Aluminium 69 2700 0.334 26 2.56E+07 9.58E+06
3 Composite 26 1000 0.3 10 2.60E+07 1.00E+07
The geometric properties can be divided into cross-sectional and span-wise prop-
erties. The cross-sectional properties are A, c, ex, Ixx, Iyy and J . In case of NACA
4-digit sections, these properties can be deﬁned by approximative formulas presented
in Section 2.3. Therefore, all cross-sectional properties can be deﬁned with the chord
length c, the maximum thickness as a fraction of chord t, the maximum camber as a
fraction of chord m and the location of the maximum camber as a fraction of a chord
from LE p. The amount of parameters decreased from six to four but moreover now
the parameters used can be related easily to the actual cross-section design. The
span-wise properties are length L and beam cross-sectional variation along the span.
The variation of a cross-section is simpliﬁed to consist only of the variation of chord
length c. This means that the shape remains constant but the size is scaled by a
varying chord. The three span-wise variations chosen are uniform, linearly tapered
and polynomially tapered. Table 3.14 shows the variation type and taper ratio. The
taper ratio ξ is the ratio of chord length at the tip to the chord length at the root.
Five diﬀerent taper ratios are chosen for the linearly tapered beam and one for the
polynomially tapered. The polynomially tapered beam tapers by the second order





croot . A uniform beam is basically the extreme
of a linearly tapered beam with taper ratio value of 1.
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Table 3.14: The span-wise variations used in the parameter dependency study.
Span-wise variation chord length taper ratio
1 uniform 1
2 linearly tapered 0.8
3 linearly tapered 0.6
4 linearly tapered 0.4
5 linearly tapered 0.2
6 linearly tapered 0
7 polynomially tapered 0.2
The number of parameters is seven, consisting of four cross-sectional parameters,
two span-wise parameters and one material parameter. The eﬀect of parameters is
studied by varying one parameter at a time. The eﬀect of one parameter is studied
also by varying other parameters to study if the eﬀect changes, increases or decreases.
Therefore, each parameter is studied in ten diﬀerent as cases listed in Table 3.15.
Three parameters are chosen to vary in these cases. The parameters m and p
are chosen to study if the eﬀects are diﬀerent in asymmetric ﬁns in comparison to
symmetric ﬁns. The combination of m = 0 and p = 0 indicates a symmetric section.
The other two combinations of m = 0.05, m = 0.09 and p = 0.4 are chosen to
represent asymmetric sections. The parameter c is chosen to study how slenderness
aﬀects the parameter eﬀects. The chord lengths of 1 and 0.2 meters are represent
slender and non-slender beams, respectively. Other parameters are constant in these
cases. The length is two meters, the thickness 0.12 of the chord length, the beam is
uniform and the material is steel. The cases from 1 to 6 are calculated with coupled
EOM and the cases from 7 to 10 with uncoupled EOM. The uncoupled cases are used
to study the parameter dependencies separately in bending and torsion because the
coupling may mix the dependencies. Otherwise, the EOM include all other terms:
shear deformation, rotary inertia and added mass.
Table 3.15: The ten cases of parameter dependency study.
Case c [m] m p equations of motion
1 1 0 0 coupled
2 0.2 0 0 coupled
3 1 0.05 0.4 coupled
4 0.2 0.05 0.4 coupled
5 1 0.09 0.4 coupled
6 0.2 0.09 0.4 coupled
7 1 0 0 uncoupled
8 0.2 0 0 uncoupled
9 1 0.05 0.4 uncoupled
10 0.2 0.05 0.4 uncoupled
The parameter values are limited to vary inside case-relevant values. The pa-
rameter ranges are listed in Table 3.16. The length is somewhat dependent on the
propeller diameter and thus the length range is chosen based on propeller sizes of
44
relevant ships. Relevant ships are commercial ships with one propeller, thus mainly
bulk carriers, tankers and container ships. The propeller sizes for these ships are
mainly ranging from one meter to seven meters but the biggest ones can be up to
nine meters. The length of ﬁn should be approximately the same as the propeller
radius. Thus, the length range is chosen to be from 0.5 meters to 4.5 meters. The
chord length is chosen to range from 0.1 meters to 2.5 meters. Hence, the aspect
ratio of the ﬁn is reasonable both with minimum length and chord length and max-
imum length and chord length. Reasonable thickness values for the NACA 4-digit
series are considered to be from 0.06 to 0.30. The NACA 4-digit series is limiting
values of m to a range of 0 to 0.09 and values of p to a range of 0 to 0.9. However,
the range of p is chosen to be from 0.1 to 0.9 because it is reasonable only if m = 0.
Table 3.16: The parameter ranges used in the parameter dependency study.
Parameter varied number of values minimum value maximum value step size
L [m] 9 0.5 4.5 0.5
c [m] 9 0.1 2.5 0.3
t [per cent of c] 9 0.06 0.3 0.03
m 10 0 0.09 0.01
p 9 0.1 0.9 0.1
span-wise variation 7 1 7 1
material 3 1 3 1
The relation between the parameters and results are studied by analytical and
numerical means. First, the dependency of each parameter is approximated ana-
lytically from the uncoupled EOM. Then, it can be seen whether the relations in
bending and torsion EOM are the same or diﬀerent. Second, the dependencies are
evaluated from the calculation results of coupled EOM. Then, it can be seen how
the coupled EOM are behaving in comparison to the uncoupled EOM and how
the relations work in the combination modes. Finally, guidelines can be given for
the designers on how the parameter selections or modiﬁcations aﬀect the natural
frequencies and modes.
The relation of parameters and natural frequencies are ﬁrst estimated analytically
from the uncoupled EOM without shear deformation, rotary inertia and added mass.
These are later compared to the calculated relations. In bending, the eﬀect of the







which comes from the eigenvalue problem with the approximative formulas from
Section 2.3. The estimated relations between the parameters and natural frequencies
in bending are listed in Table 3.17. Similarly, the eﬀects in torsion can be estimated
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which comes from the eigenvalue problem with the approximative formulas from
Section 2.3. The estimated relations between the parameters and natural frequencies
in torsion are listed in Table 3.18.
Table 3.17: The relation between the parameters and natural frequencies in bend-
ing estimated from Equation (3.9).

















m ω ∼ √m+ 2m2 ω ∼ m









Table 3.18: The relation between the parameters and natural frequencies in torsion
estimated from Equation (3.10).


































The case results are presented in graphs in Appendix D. The results of Case 3 are
shown in Figure 3.2 for an example. One graph shows one parameter varied. One
ﬁgure includes all seven parameter graphs of the case. In the graphs, the ﬁve lowest
natural frequencies are shown with diﬀerent marker lines as deﬁned in the legend.
The numbers inside brackets indicate the type of the mode shape. The bending
mode is indicated with the number 1, the torsion with number 2 and the mixed
mode with number 3. The type is deﬁned as bending or torsion if the maximum
relative amplitude of the respective mode shape is more than ﬁve times larger than
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another. Otherwise, the type is deﬁned as a combination. The dependencies are
summarized in Table 3.19. One remarkable observation is that the mode type of the
lowest natural frequency is pure bending in most cases within the parameter ranges
studied. Torsion and mixed mode types can be seen only with extreme parameter
values.























Parameter varied = L
 
 
1st mode (2  3  1  1  1  1  1  1  1)
2nd mode (3  2  2  2  2  2  3  3  3)
3rd mode (2  2  3  3  3  3  3  2  2)
4th mode (2  3  3  2  2  3  3  3  3)
5th mode (3  2  2  3  3  3  3  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  3  3)
2nd mode (1  3  2  2  2  2  3  3  3)
3rd mode (3  2  3  3  3  3  3  2  2)
4th mode (2  3  2  2  3  3  3  3  3)
5th mode (2  2  3  3  2  2  2  2  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (3  2  2  2  2  2  2  2  2)
5th mode (2  2  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3  3)
4th mode (3  3  2  2  2  2  2  2  3  3)
5th mode (3  3  3  3  3  3  2  2  2  2)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (3  3  3  3  3  3  3  2  2)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  2  2  3  3  1  3)
3rd mode (3  3  3  2  2  3  3)
4th mode (2  2  2  2  3  1  3)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (3  3  3)
4th mode (2  2  2)
5th mode (3  2  2)
Figure 3.2: Case 3 with coupled EOM and parameters L = 2 m, c = 1 m, m = 0.05
and p = 0.4.
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Table 3.19: The summary of the parameter dependency study.
parameter increased effect on bending frequency effect on torsion frequency
L decreased exponentially decreased exponentially
c increased linearly negligible
t increased linearly increased linearly
m increased linearly negligible
p negligible negligible
span-wise variation effect on bending frequency effect on torsion frequency
linearly tapered, taper ratio decreased decreased increased
from linearly to polynomially tapered, taper ratio 0.2 increased increased
material effect on bending frequency effect on torsion frequency
E, G, ρ decreased decreased decreased
The natural frequency seems to have a second order (polynomial) dependency
on the length, in other words ∼ 1
L2
. The dependency seems to be the same for both
bending and torsion frequencies whereas, according to the analytical estimation,
the dependency should be linear in torsion, in other words ∼ 1
L
. In Case 6, the
dependency seems to be steeper and even exponential. The eﬀect is greater in case
of higher frequencies than lower frequencies.
The natural frequency seems to have clearly diﬀerent dependency on the chord
length in the bending and torsion mode types. In bending, the dependency seems to
be ∼ c as estimated analytically. In torsion, there seems to be no dependency at all,
which is not in accordance with the analytical estimation of ∼ 1
c
. The diﬀerence can
be seen best in Case 10, which is calculated with uncoupled EOM. In the combination
type, the bending dependency seems to dominate.
The natural frequency seems to have clearly linear dependency on the thickness,
in other words ∼ t. The same dependency was obtained analytically for the bending
type. According to the analytical estimation, there should be no dependency in the
torsion type. The dependency seems to be steeper on the higher modes than on the
lowest modes. Comparing the 3rd and 4th mode in Case 6, it can be seen that the
thickness may have greater eﬀect on torsion than on bending.
The eﬀect of camber cannot be checked from cases 1, 2, 7 and 8 because they have
symmetric sections. Some eﬀects can be seen, however, because the approximative
formulas are not neglecting the combination ofm 6= 0 and p = 0 which is basically an
impossible design. The natural frequency seems to have clearly diﬀerent dependency
on the camber in the bending and torsion mode types. The dependency seems to
be ∼ m in bending and ∼ 1
m
in the torsion case, which would be in accordance
with the analytical estimations. The eﬀect seems to be greater in bending than in
torsion meaning that the frequencies increase more in bending than they decrease
in torsion when camber is increased. Similarly, as for the chord length, the bending
dependency seems to be dominant in combination cases.
The natural frequency seems to have minor dependency on the location of the
maximum camber. The dependency seems to be ∼ p in bending and ∼ 1
p
in the
torsion case, which would be in accordance with the analytical estimations. The
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eﬀect seems to be greater in torsion and in higher frequencies. The signiﬁcance of
the eﬀect seems to only be a few per cent and thus can be neglected in the prediction
of lowest natural frequencies.
The natural frequency seems to have varying dependency on the span-wise beam
design. Studying the linearly tapered beam in the uncoupled cases, it can be con-
cluded that the bending frequency decreases and the torsion frequency increases
when the taper ratio decreases. Comparing span-wise variations 5 and 7, which are
linearly and polynomially tapered with taper ratios of 0.2 respectively, it can be
seen that both the bending and torsion frequencies are higher with a polynomially
tapered beam.
The natural frequency seems to have clear dependency on the material. Both
the bending and torsion frequencies decrease when the material properties decrease.
This is in line with the analytical estimations.
3.4 Design graphs and procedures
In this section, the lowest natural frequency of diﬀerent ﬁn designs are presented in
design graphs. The design graphs can be used to check the prediction for the lowest
natural frequency with the main ﬁn parameters. The main parameters are length,
chord length, thickness, maximum camber, location of maximum camber, span-wise
variation and material. The design graphs show the lowest natural frequency as a
function of two variables, one on each axis. Thus, two parameters must be selected
as variables inside the graph and other parameters must be varied between graphs.
The principle in utilization of design graphs is to identify which parameters are
or can be varied most and which can be varied less or not at all for the ﬁn project
at hand. The most varying parameters are used as variables in design graphs and
others as variables between graphs.
Usually, projects have ﬁxed parameters because of diﬀerent limitations and re-
quirements. The length of the ﬁn is usually selected based on the propeller diameter
and thus can be deﬁned as constant for the project. The construction costs, ma-
terial costs, construction method, attachment method and ship material aﬀect the
selection of the ﬁn material. The number of potential materials is also small, at least
when composites are neglected. Thus, the material selection is usually quite lim-
ited and there can only be a few alternatives. The chord length, thickness, camber
and location of maximum camber are more or less decided based on hydrodynamic
calculations. These parameters mostly aﬀect the eﬃciency of a ﬁn and hence the
improvement in propeller eﬃciency. The span-wise variation of the cross-section also
aﬀects the ﬁn eﬃciency and it can basically be of arbitrary shape. In this level of cal-
culation, the variation is, and in most cases can be, simpliﬁed to basic shapes which
are represented by linear and polynomial shapes in this study. Thus, the span-wise
variation is considered as the less varying parameter. Table 3.19 concluded that the
natural frequency dependency on the location of the maximum camber is negligible
and thus it can be neglected in this level of calculation. Therefore, the most varied
parameters are chord length, thickness and camber. Among these, the two param-
eters varying the most should be chosen as the two variables used in the design
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graphs. The other one that is varying less is then used as a variable between graphs.
With this method, the amount of design graphs needed is minimized.
A fewer number of varying parameters results in a faster use of design graphs.
By giving ﬁxed values for some of the parameters, the needed design graphs can be
limited to the graph group consisting only of the graphs with the needed varying
parameters and correct constant parameters having ﬁxed values. For example, if
material, span-wise variation, length and chord are ﬁxed to steel, uniform, one meter
and three meters, then the graph group consist only of the graphs in which the ﬁn has
the listed parameter values and the varying parameters are thickness, camber and
location of maximum camber. The two of these having the most freedom in selection
are taken as the variables inside graphs and the one having fewer alternatives is taken
as the variable between graphs.
As an example, one design graph group is presented in Figure 3.3 and the pa-
rameters used in Table 3.20. The calculations are executed with the EOM, including
shear deformation, rotary inertia, coupling and added mass terms. The water den-
sity of 1000 kg/m3 is used. The variables inside the graphs are chosen to be chord
length and camber because they are the only parameters having diﬀerent eﬀects
on bending and torsion frequencies according to Table 3.19. The location of the
maximum camber is deﬁned as constant with a value of 0.4. Steel is used as the
ﬁn material and length is chosen to be 2.7 meters. The span-wise variations of
linearly and polynomially tapered chord length with taper ratio 0.2 are chosen to
represent diﬀerent ﬁn designs. Three thickness values are checked. Chord length
is chosen to vary between 1.2 and 2 meters with step size 0.1 meters. Camber can
have values between 0.01 and 0.09. This leads to a design graph group of six graphs
which consist of 81 chord and camber combinations. The lowest natural frequency
value for the total of 486 diﬀerent ﬁn designs is shown in Figure 3.3. The parameter
values used are shown above each of the graphs. Linear indicates option 1 in Table
3.20 and poly indicates option 2. S indicates steel. The ﬁrst natural frequencies are
shown in contours with a step size of ﬁve Hertz. The colorbar on the right side of
each graph shows the contour levels of the frequency in Hertz.
More design graphs are shown in Appendix E, which shows a larger graph group.
The larger group is used to describe the use of design graphs in situations having
more freedom in parameter selection. The chord length and camber are used again
as the variables inside graphs. The parameters used and their ranges are shown in
Table 3.21. The location of maximum camber is deﬁned again as constant with a
value of 0.4. Three diﬀerent materials were considered in the parameter dependency
study in Section 3.3. Steel and aluminium are used in the design graphs. Composite
materials are neglected because the results in Section 3.1.2 showed that the current
approach used is not accurate for lightweight ﬁns made of composites. The span-
wise variations of uniform, linearly tapered with taper ratio 0.2 and polynomially
tapered with taper ratio 0.2 are chosen to represent diﬀerent ﬁn designs. Three
thickness and length values are checked. Chord length is chosen to vary between 0.5
and 1.5 meters with step size 0.1 meters. Camber can have values between 0.01 and
0.09. This leads to a design graph group of 54 graphs which consists of 81 chord
and camber combinations. The lowest natural frequency value for the total of 4374
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diﬀerent ﬁn designs is shown Appendix E. The calculations are executed with the
EOM, including shear deformation, rotary inertia, coupling and added mass terms.
The water density of 1000 kg/m3 is used.
The graphs are divided into one page groups with four diﬀerent ways to illus-
trate how the comparison of parameter values can be made easier depending on the
project. The presentation alternative 1 shows nine graphs with all the length and
thickness combinations on one page. The second presentation alternative shows six
graphs with all span-wise variation and material combinations on one page. The
third and fourth alternatives show nine graphs with all span-wise and length or
thickness combinations on one page. The alternatives are shown in Figures E.1,
E.2, E.3 and E.4, respectively. The second alternative is best when the length and
thickness choices are narrowed to a few combinations, for example L = 2.4 m and
t = 0.08 or L = 2.6 m and t = 0.12. The same principal works for the other alterna-
tives as well. Figures E.5 - E.10 show the whole design group deﬁned in Table 3.21
in 54 graphs and 6 ﬁgures in total. The length and thickness are varied between the
9 graphs in the same ﬁgure, meaning the ﬁrst presentation alternative is used. The
span-wise variation and material are varied between the 6 ﬁgures.
Table 3.20: The parameter values used in the example shown in Figure 3.3
Parameters varied inside graphs number of values minimum value maximum value step size
c [m] 9 1.2 2 0.1
m 9 0.01 0.09 0.01
Parameters varied between graphs number of values minimum value maximum value step size
t [per cent of chord] 3 0.12 0.14 0.01
option 1: linearly tapered with taper ratio 0.2






Table 3.21: The parameter values used in the graph group shown in Appendix E.
Parameters varied inside graphs number of values minimum value maximum value step size
c [m] 9 0.8 1.6 0.1
m 10 0 0.09 0.01
Parameters varied between graphs number of values minimum value maximum value step size
L [m] 3 2.4 2.8 0.2
t [per cent of chord] 3 0.08 0.16 0.04
option 1: uniform
option 2: linearly tapered with taper ratio 0.2










L=2.7, t=0.12, p=0.4, linear, S
 
 























L=2.7, t=0.12, p=0.4, poly, S
 
 























L=2.7, t=0.13, p=0.4, linear, S
 
 























L=2.7, t=0.13, p=0.4, poly, S
 
 























L=2.7, t=0.14, p=0.4, linear, S
 
 























L=2.7, t=0.14, p=0.4, poly, S
 
 





















Figure 3.3: The example of one design graph group which shows 6 graphs in total.
The thickness and span-wise variation are varied between the 6 graphs.
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4 Conclusions
4.1 Summary of ﬁndings and their meaning
The aim of the thesis was to investigate if the simpliﬁed two DOFs beam approach is
accurate enough to predict the lowest natural frequencies and mode shapes of stator
ﬁns in still water. The signiﬁcance of shear deformation, rotary inertia, bending-
torsion coupling and added mass with respect to the lowest natural frequencies
were studied. The natural frequency dependency on the ﬁn design parameters was
investigated. The outcomes were used to generate design graphs to estimate and
compare the lowest natural frequency of diﬀerent stator ﬁn designs.
The simpliﬁed beam approach seems to overestimate bending and torsion fre-
quencies in air but underestimate in water. The lowest bending frequencies deviate
less than ten per cent in both air and water. The lowest torsion frequencies deviate
roughly 20 per cent in water but less than eight per cent in air. The added mass of
the ﬁn was estimated with a 2D ﬂat plate model. The added mass eﬀect of ﬁns is
overestimated in both bending and torsion as predicted, based on [18], [5] and [39].
The added mass eﬀect is overestimated more in torsion than in bending. When con-
sidering Validation Case 1, with a cross-section not from NACA 4-digit series, the
added mass eﬀects are overestimated signiﬁcantly more than in the other cases. One
reason is that the cross-section of NACA16-022 is more elliptical than NACA 4-digit
shapes, thus diﬀering more from the ﬂat plate. One reason for the extremely over-
estimated added mass eﬀect in torsion might be that the torsion equations are not
enough to describe the torsional motion. The greater diﬀerence of the torsion fre-
quency in air supports this conclusion. In case of thicker and more elliptical NACA
cross-sections, the added mass of the ellipse could provide a better approximation.
This could be investigated in the future. However, since the added mass eﬀect is
overestimated, the natural frequencies in water are underestimated. In this case,
the underestimation of natural frequencies is better than overestimation because
lower frequency values are avoided. This means that the obtained frequency predic-
tions are conservative with respect to design criteria. Therefore, the used approach
works for the stator ﬁns which have a cross-section shape close to NACA 4-digit
shapes. However, designs might end up to be too safe or conservative because of the
underestimation of torsion frequencies in water.
Based on the results of the validation case, term signiﬁcance and parameter de-
pendency studies presented in Appendices B, C and D, the lowest natural frequency
seems to always be the bending mode or at least the bending-dominated mixed
mode. The mode type of the second lowest frequency varies between the bending,
torsion and mixed modes. Therefore, the natural frequencies in bending are im-
portant to predict accurately. Based on the validation cases, the current approach
predicts bending frequencies accurately in both air and water.
The validation cases included only single symmetric NACA proﬁles and thus the
natural frequencies of asymmetric ﬁns are not compared to the experimental results.
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This is a shortage for this study but the signiﬁcance of asymmetricity is considered
by using the calculated results. According to the parameter dependency study, the
camber aﬀects linearly to bending but negligibly to torsion frequencies. The location
of the maximum camber aﬀects negligibly to both frequencies. In this aspect, the
asymmetricalness seems to only aﬀect bending frequencies. The eﬀect seems to be
greater in non-slender ﬁns and higher frequencies. Therefore, the used approach
should also be applicable for asymmetric ﬁns. The greatest diﬀerences might come
from the fact that the ﬂat plate is not accurate enough to estimate the added mass.
The approach overestimates the natural frequencies of composite ﬁns in bending
by almost 20 per cent, which is signiﬁcantly more than in case of solid steel or
aluminium ﬁns. The results also deviate from those obtained with the quadrilateral
shell element model. This means that the beam model taking into account only
bending about the x-axis and torsion about the y-axis is not enough to describe
the behaviour of composite ﬁns. In contrast, when comparing the results to those
obtained with the solid element model in case of solid aluminium ﬁns, the deviations
are less than eight per cent in air. This means that 3D modelling gives beneﬁts only
in case of advanced material which are homogeneous and isotropic or in case of
hollow cross-sections with a stiﬀened shell and inside webs. The results might diﬀer
because warping in torsion can be signiﬁcant factor in these hollow cross-sections
[8] [33]. In this study, warping is neglected because the current approach assumes a
solid cross-section. The cross-section of the ﬁn is also assumed to rotate as a rigid
body in torsional motion about the y-axis, which may cause error in case of hollow
cross-sections.
In summary of the term signiﬁcance study, the shear deformation, rotary inertia,
coupling and added mass terms must be included in the simpliﬁed beam approach.
The shear deformation, rotary inertia and coupling terms can be neglected in case
of slender ﬁns, which is in accordance with theory [19]. The added mass term must
always be taken into account if a ﬁn is submerged in water, regardless of the ﬁn
material. This is also in accordance with theory [10] [24].
In summary of the parameter dependency study, the length, chord-length, thick-
ness, camber, span-wise variation and material aﬀect the natural frequencies. The
location of maximum camber seems to have negligible eﬀect. The increase in the
length of the ﬁn exponentially decreases both bending and torsion frequencies. The
increase in the chord length and camber increases bending frequencies linearly but
has negligible eﬀect on torsion frequencies. The increase in the thickness increases
both bending and torsion frequencies linearly. The use of lighter material with
smaller elastic and shear modulus decreases both frequencies. Considering linearly
tapered ﬁns, the decrease in taper ratio decreases bending frequencies but increases
torsion frequencies. When using polynomially tapered ﬁns instead of linearly ta-
pered, both bending and torsion frequencies increase. These results can be used to
understand whether the main parameters should be modiﬁed to obtain a desired
change in the bending or torsion frequency of the stator ﬁn. The dependencies are a
good supplement for the presented design graph procedure proposed for the concept
design phase.
The presented design graphs show the lowest natural frequency when the main
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parameters are varied. The graphs can be used to compare natural frequencies
with excitation frequencies and thus to evaluate resonance risk. The graphs can be
modiﬁed to also show other frequencies. However, to evaluate hydroelastic instability
risks, the mode shape must be given along with the natural frequency. Therefore,
the graphs are not suitable for instability evaluations but natural frequencies and
mode shapes must be solved for diﬀerent ﬁn designs separately. This is because
natural frequencies and mode shapes are needed to solve the critical velocities of ﬁn
designs which are used to evaluate instability risk.
4.2 Future work
The current ﬁn model assumes that the ﬁn is attached to the ship hull rigidly.
This assumption basically idealizes that the ﬁn is welded perfectly to the rigid
foundation. In reality, the ship hull deforms, which also might aﬀect the behaviour
of the ﬁn. In addition, other attachment methods, such as bolting, might be used in
ﬁn installation to reduce installation costs and to enable a more optimum positioning
of ﬁns. Therefore, the eﬀect of the attachment method should be studied for example
by altering BC.
The linear small deﬂection theory is applied in this study, meaning the vibration
amplitudes of the ﬁn are considered small. Moreover, this means that either the
resonance is not occurring or the excitation amplitudes are small. This assumption
might cause error if the current approach is modiﬁed and used to calculate forced
vibrations.
In this study, the cross-section shape of ﬁns is constant along the span of ﬁns
but ﬁns are allowed to taper, meaning the size of the cross-section can vary along
the span. Fin designs with sweep and twist angles are not considered. However, in
reality, to obtain the optimum design, stator ﬁns most probably have small sweep
and twist angles. In addition, ships usually have multiple stator ﬁns as shown in
Figure 1.1. In this work, the distance between ﬁns is assumed to be great enough
to neglect the eﬀects of other ﬁns. Therefore, the eﬀect of sweep and twist angles
and also the eﬀect of other ﬁns should be studied in the future.
The cross-section shape of the stator ﬁn is optimized separately for every ship.
The search of the optimum shape usually starts with parametric cross-section shapes
like NACA series, which are used generally. Shapes can be modiﬁed by varying pa-
rameters but the chosen optimum shape is usually close to NACA proﬁles. There-
fore, NACA series can be considered as a realistic shape to be used in concept de-
sign phase calculations. The approximative formulas to calculate the cross-sectional
properties are developed for ﬁns with solid NACA 4-digit shaped cross-sections. In
case of other NACA section families being used, the formulas for the cross-sectional
parameters must be modiﬁed for the new NACA family. However, if the new cross-
section shapes are not diﬀering much from the used NACA 4-digit series the current
approximative formulas can be used.
Traditionally, marine propulsion and control equipment have been manufactured
from metal, particularly with nickel-aluminium, bronze or stainless steel which are
homogeneous and isotropic. Therefore, the current approach was developed for
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solid cross-sections made of homogeneous and isotropic material. Advanced materi-
als, such as composites, and lightweight designs, such as hollow cross-sections with
stiﬀened shell and inside webs, are not studied in this work. However, composite
materials are continuously developed and are gradually used more in ship appli-
cations because they oﬀer advantages over traditional materials, including reduced
weight, corrosion resistance and the potential for hydrodynamic performance im-
provement through hydroelastic tailoring [42, p. 327]. On the other hand, in case of
the lightweight ﬁn designs, the low density ratio increases the risk of vibrations and
instabilities due to lower natural frequencies and critical velocities [42, p. 331] [25, p.
965]. Since the current approach is not accurate for orthotropic and heterogeneous
designs, it must be further developed.
In this study, the stator ﬁn is simpliﬁed to oscillate in still water, meaning both
the ship and water are still. In reality, both the ship and water are moving. The
passing ﬂow and ship motions aﬀect the oscillations of the ﬁn. But only the passing
ﬂow aﬀects the natural frequencies of the ﬁn because it aﬀects added mass and
damping. In the future, the eﬀect of the passing ﬂow and ship or ﬂow velocity
on the natural frequencies should be studied and taken into account in predictions
if having signiﬁcant eﬀect. The current approach neglects damping, thus solving
the undamped natural frequencies of ﬁns. The structural damping is negligible in
most cases but the external damping due to water can be signiﬁcant. The damping
decreases the undamped natural frequencies which usually means that the risk of
resonance and hydroelastic instabilities increases. Therefore, damping should be
added to the current approach in the future.
In this work, the natural frequencies and mode shapes are solved from the gen-
eralized eigenvalue problem as presented in Section 2.2.3. The form of the problem
is lacking in terms of computational eﬀort [22, p. 294295]. The computation of
one case in this work took only a few seconds. However, when more terms, such as
damping, are added, the computation time may increase depending how the damp-
ing is introduced [22, p. 322323]. Therefore, a more computationally eﬃcient form
of the problem should be considered in future.
In summary, the simpliﬁed two DOFs beam approach presented is applicable to
predict the lowest natural frequencies of stator ﬁns if ﬁns are solid and made of a
homogeneous isotropic material. The cross-section of ﬁns should be close to NACA
4-digit shapes or closer to a ﬂat plate shape than an elliptical shape. The approach
is tested only for straight ﬁns and the applicability in case of ﬁns with sweep angle
and skewness must be studied after this work. In case of ﬁns made of advanced
materials, the approach must be further developed. The current approach predicts
the undamped natural frequencies only in still water conditions. To predict the
natural frequencies of stator ﬁns in operating conditions, the eﬀects of passing ﬂow
and external damping must be included and studied to determine how much they
aﬀect the lowest frequencies.
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A Veriﬁcation case results
The four diﬀerent veriﬁcation cases are shown in this Appendix. The ﬁrst three are
used to compare analytical and current results and the fourth is used to compare
numerical and current results. The EOM used are without shear deformation, rotary
inertia, coupling and added mass terms if not otherwise indicated.
The ﬁrst case compares the ﬁve lowest natural frequencies and mode shapes of a
uniform cantilever beam in bending obtained with an analytical formula, in Figure
A.1, and the current approach, in Figure A.2.
The second case compares the ﬁve lowest natural frequencies and mode shapes of
a uniform cantilever beam in torsion obtained with an analytical formula, in Figure
A.3, and the current approach, in Figure A.4.
The third case shows the lowest natural frequencies and mode shapes of a lin-
early tapered cantilever beam in bending obtained with the current approach with
diﬀerent taper ratios in Figures A.5 - A.9.
The fourth case shows the ﬁve lowest natural frequencies and mode shapes of
uniform NACA0012 cross-sectioned cantilever beam in bending obtained with the
current approach. Figures A.10 and A.11 are calculated in a vacuum, meaning
without the added mass term, without and with the coupling term, respectively.
Figures A.12 and A.13 are calculated in water, meaning with the added mass term
and without and with the coupling term, respectively. The EOM are used with
shear deformation and rotary inertia terms.
The order of mode shape and corresponding natural frequency is shown above
each of the graphs. The graphs show the bending shape with a dotted line and the
torsion shape with a dashed line.
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Figure A.1: Veriﬁcation against analytical results: analytical mode shapes of uni-
form cantilever beam in bending without shear deformation, rotary inertia, coupling
and added mass terms
















Natural mode 1, 0.56 Hz
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Natural mode 4, 19.24 Hz
















Natural mode 5, 31.81 Hz






















Figure A.2: Veriﬁcation against analytical results: calculated mode shapes of uni-
form cantilever beam in bending without shear deformation, rotary inertia, coupling
and added mass terms
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Natural mode 1, 0.25 Hz
















Natural mode 2, 0.75 Hz
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Figure A.3: Veriﬁcation against analytical results: analytical mode shapes of uni-
form cantilever beam in torsion without shear deformation, rotary inertia, coupling
and added mass terms
















Natural mode 1, 0.25 Hz
















Natural mode 2, 0.75 Hz
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Natural mode 4, 1.75 Hz
















Natural mode 5, 2.25 Hz






















Figure A.4: Veriﬁcation against analytical results: calculated mode shapes of uni-
form cantilever beam in torsion without shear deformation, rotary inertia, coupling
and added mass terms
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Natural mode 1, 0.38 Hz
















Natural mode 2, 0.88 Hz
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Figure A.5: Veriﬁcation against analytical results: analytical mode shapes of lin-
early tapered (taper ratio 0) cantilever beam in bending without shear deformation,
rotary inertia, coupling and added mass terms
















Natural mode 1, 0.33 Hz
















Natural mode 2, 0.79 Hz
















Natural mode 3, 0.86 Hz
















Natural mode 4, 1.28 Hz
















Natural mode 5, 1.77 Hz






















Figure A.6: Veriﬁcation against analytical results: analytical mode shapes of
linearly tapered (taper ratio 0.2) cantilever beam in bending without shear defor-
mation, rotary inertia, coupling and added mass terms
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Natural mode 1, 0.30 Hz
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Figure A.7: Veriﬁcation against analytical results: analytical mode shapes of
linearly tapered (taper ratio 0.4) cantilever beam in bending without shear defor-
mation, rotary inertia, coupling and added mass terms
















Natural mode 1, 0.28 Hz
















Natural mode 2, 0.65 Hz
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Natural mode 5, 1.76 Hz






















Figure A.8: Veriﬁcation against analytical results: analytical mode shapes of
linearly tapered (taper ratio 0.6) cantilever beam in bending without shear defor-
mation, rotary inertia, coupling and added mass terms
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Natural mode 1, 0.26 Hz
















Natural mode 2, 0.60 Hz
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Natural mode 5, 1.75 Hz






















Figure A.9: Veriﬁcation against analytical results: analytical mode shapes of
linearly tapered (taper ratio 0.8) cantilever beam in bending without shear defor-
mation, rotary inertia, coupling and added mass terms
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Natural mode 1, 22.45 Hz
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Figure A.10: Veriﬁcation against numerical results: NACA0012 cantilever in vac-
uum without the coupling term
















Natural mode 1, 22.45 Hz
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Figure A.11: Veriﬁcation against numerical results: NACA0012 cantilever in vac-
uum with the coupling term
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Figure A.12: Veriﬁcation against numerical results: NACA0012 cantilever in water
without the coupling term
















Natural mode 1, 10.51 Hz
















Natural mode 2, 65.68 Hz
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Figure A.13: Veriﬁcation against numerical results: NACA0012 cantilever in water
with the coupling term
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Appendix B
B Validation case results
The natural frequencies and mode shapes of the four validation cases are calculated
with the current approach and shown in this Appendix. The EOM used are with
shear deformation, rotary inertia, coupling and added mass terms if not otherwise
indicated.
Validation Case 1 is shown in Figures B.1 and B.2.
Validation Cases 2 and 3 are shown in the same Figures B.3 and B.4 because the
current approach is not taking into account the diﬀerence of the cross-section shape
between the cases.
Validation Case 4.1 is shown in Figures B.5 and B.6, while those of 4.2, 4.3 and
4.4 are shown in Figures B.7 and B.8, B.9 and B.10, and B.11 and B.12, respectively.
The order of mode shape and corresponding natural frequency is shown above
each of the graphs. The graphs show the bending shape with a dotted line and the
torsion shape with a dashed line.
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Figure B.1: Validation Case 1: in air














Natural mode 1, 8.25 Hz














Natural mode 2, 15.16 Hz
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Figure B.2: Validation Case 1: in water
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Figure B.3: Validation Cases 2 & 3: in air
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Figure B.4: Validation Cases 2 & 3: in water
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Figure B.5: Validation Case 4.1: in air
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Figure B.6: Validation Case 4.1: in water
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Figure B.7: Validation Case 4.2: in air














Natural mode 1, 44.92 Hz














Natural mode 2, 188.15 Hz
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Figure B.8: Validation Case 4.2: in water
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Figure B.9: Validation Case 4.3: in air
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Figure B.10: Validation Case 4.3: in water
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Figure B.11: Validation Case 4.4: in air
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Figure B.12: Validation Case 4.4: in water
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Appendix C
C Term signiﬁcance study
The four diﬀerent cases of the term signiﬁcance study are shown in this Appendix.
The ﬁrst case studies the shear deformation term, the second the rotary inertia term,
the third the coupling term and the fourth the added mass term. The ﬁve lowest
natural frequencies are compared with and without the term studied. The graphs
show the relative diﬀerence in per cent between the EOM with and without the
studied term. The cases are shown in Figures C.1, C.2, C.3 and C.4, respectively.
The EOM used are without shear deformation, rotary inertia, coupling and added
mass terms if not otherwise indicated. The cross-sectional properties are calculated
with the approximative formulas given in Section 2.3. The beam is uniform and
made of steel if not otherwise indicated.
In the graphs, the number in the legend indicates the type of the mode shape.
Bending mode is indicated with number 1, torsion with number 2 and mixed mode
with number 3. The type is deﬁned as bending or torsion if the maximum relative
amplitude of the respective mode shape is more than 5 times larger than another.
Otherwise, the type is deﬁned as a combination. Hyphens separate the results with
and without the term studied, respectively. Commas separate the modes 1st, 2nd,
3rd, 4th and 5th, respectively.
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Figure C.1: Case 1 of term signiﬁcance study: shear deformation term. The vary-
ing parameters are slenderness ratio α and ratio of slenderness ratio and thickness
α/t.
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Figure C.2: Case 2 of term signiﬁcance study: rotary inertia term. The varying
parameters are slenderness ratio α and ratio of slenderness ratio and thickness α/t.
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Figure C.3: Case 3 of term signiﬁcance study: coupling term. The varying pa-
rameters are slenderness ratio α and distance between the SC and COG along the
x-axis ex.
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Figure C.4: Case 4 of term signiﬁcance study: added mass term. The varying
parameters are slenderness ratio α and density ratio µ. The distance between the
SC and COG along the x-axis is ex = 0.05c.
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Appendix D
D Parameter dependency study
The ten cases of the parameter dependency study are shown in this Appendix. The
cases are described in Table 3.15 and the parameter variations in Table 3.16. If not
otherwise shown, the beam is uniform and made of steel. The surrounding ﬂuid is
water. The EOM used include shear deformation, rotary inertia and added mass
terms. The cases 1-6 include the coupling term and the cases 7-10 do not. The
cases are shown in Figures D.1, D.2, D.3, D.4, D.5, D.6, D.7, D.8, D.9 and D.10,
respectively.
One graph shows one varied parameter. One ﬁgure includes all seven parameter
graphs of the case. In the graphs, the ﬁve lowest natural frequencies are shown
with diﬀerent marker lines which are deﬁned in the legend. The numbers inside
brackets indicate the type of the mode shape. Bending mode is indicated with
number 1, torsion with number 2 and mixed mode with number 3. The type is
deﬁned as bending or torsion if the maximum relative amplitude of the respective
mode shape is more than 5 times larger than another. Otherwise, the type is deﬁned
as a combination.
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Parameter varied = L
 
 
1st mode (3  3  1  1  1  1  1  1  1)
2nd mode (3  2  2  2  3  3  3  1  1)
3rd mode (2  3  3  3  3  2  2  2  2)
4th mode (3  3  2  3  3  3  3  3  3)
5th mode (3  2  3  3  2  2  2  2  3)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  3  3  2  2  3  3  3  3)
3rd mode (1  2  2  3  3  3  3  3  3)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (2  3  2  3  3  3  2  2  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  3  3  3  3  3  3)
2nd mode (2  2  2  2  2  2  2  2  3  3)
3rd mode (3  3  3  3  3  2  2  2  2  2)
4th mode (3  3  2  3  3  3  3  3  3  2)
5th mode (3  3  3  2  2  2  2  2  3  3)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  3  3  3  1  1  3)
3rd mode (3  3  2  2  3  1  2)
4th mode (3  3  3  3  3  3  3)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (3  3  3)
4th mode (3  3  3)
5th mode (3  3  3)
Figure D.1: Case 1 with coupled EOM and parameters L = 2 m, c = 1 m, m = 0
and p = 0.
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Parameter varied = L
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  3  1  1  1  1  1  1  1)
3rd mode (2  2  3  3  1  1  1  1  1)
4th mode (2  3  2  2  2  3  3  3  1)
5th mode (2  3  3  3  3  2  2  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  3  3  2  2  3  3  3  3)
3rd mode (1  2  2  3  3  3  3  3  3)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (2  3  2  3  3  3  2  2  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  3  3  3  3  2  2  2)
3rd mode (3  3  2  2  2  2  2  2  2  3)
4th mode (2  2  2  3  3  3  3  3  2  2)
5th mode (3  3  3  3  2  2  2  2  2  2)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1)
3rd mode (3  3  1  1  1  1  1)
4th mode (2  2  3  3  1  1  1)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (1  1  1)
3rd mode (3  3  3)
4th mode (2  2  2)
5th mode (3  3  3)
Figure D.2: Case 2 with coupled EOM and parameters L = 2 m, c = 0.2 m, m = 0
and p = 0.
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Parameter varied = L
 
 
1st mode (2  3  1  1  1  1  1  1  1)
2nd mode (3  2  2  2  2  2  3  3  3)
3rd mode (2  2  3  3  3  3  3  2  2)
4th mode (2  3  3  2  2  3  3  3  3)
5th mode (3  2  2  3  3  3  3  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  3  3)
2nd mode (1  3  2  2  2  2  3  3  3)
3rd mode (3  2  3  3  3  3  3  2  2)
4th mode (2  3  2  2  3  3  3  3  3)
5th mode (2  2  3  3  2  2  2  2  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (3  2  2  2  2  2  2  2  2)
5th mode (2  2  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3  3)
4th mode (3  3  2  2  2  2  2  2  3  3)
5th mode (3  3  3  3  3  3  2  2  2  2)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (3  3  3  3  3  3  3  2  2)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  2  2  3  3  1  3)
3rd mode (3  3  3  2  2  3  3)
4th mode (2  2  2  2  3  1  3)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (3  3  3)
4th mode (2  2  2)
5th mode (3  2  2)
Figure D.3: Case 3 with coupled EOM and parameters L = 2 m, c = 1 m,
m = 0.05 and p = 0.4.
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Parameter varied = L
 
 
1st mode (3  1  1  1  1  1  1  1  1)
2nd mode (2  3  3  1  1  1  1  1  1)
3rd mode (3  2  2  2  3  3  1  1  1)
4th mode (2  3  3  3  2  2  2  2  3)
5th mode (2  2  3  3  3  3  3  3  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  3  3)
2nd mode (1  3  2  2  2  2  3  3  3)
3rd mode (3  2  3  3  3  3  3  2  2)
4th mode (2  3  2  2  3  3  3  3  3)
5th mode (2  2  3  3  2  2  2  2  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (3  1  1  1  1  1  1  1  1)
3rd mode (2  2  2  2  3  3  3  3  3)
4th mode (3  3  3  2  2  2  2  2  2)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  3  3)
3rd mode (3  3  3  3  3  2  2  2  2  2)
4th mode (2  2  2  2  2  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  3  3  3)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (2  2  2  2  2  2  2  2  2)
4th mode (2  3  3  3  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  3  3)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1)
3rd mode (2  3  3  1  1  1  1)
4th mode (3  2  2  3  1  1  3)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (1  1  1)
3rd mode (2  2  2)
4th mode (3  3  3)
5th mode (3  3  3)
Figure D.4: Case 4 with coupled EOM and parameters L = 2 m, c = 0.2 m,
m = 0.05 and p = 0.4.
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Parameter varied = L
 
 
1st mode (2  3  3  1  1  1  1  1  1)
2nd mode (3  3  2  2  2  2  2  2  2)
3rd mode (2  2  2  3  3  3  3  3  3)
4th mode (2  3  3  3  2  2  2  2  3)
5th mode (2  3  2  2  2  3  3  3  3)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  3  3  3  3)
2nd mode (1  2  2  2  2  3  3  3  3)
3rd mode (3  3  3  3  3  2  2  2  2)
4th mode (2  3  2  3  3  3  3  3  2)
5th mode (3  2  2  2  2  2  3  3  3)























Parameter varied = t
 
 
1st mode (3  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (2  3  3  3  3  3  3  3  3)
4th mode (3  3  3  2  2  2  2  2  2)
5th mode (2  2  2  2  2  2  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3  3)
4th mode (3  3  2  2  2  2  2  2  3  3)
5th mode (3  3  3  3  3  3  2  2  2  2)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (3  3  3  3  3  3  3  3  3)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (2  2  2  2  2  2  2  2  2)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  2  2  2  3  1  2)
3rd mode (3  3  3  3  2  3  3)
4th mode (3  2  2  2  2  1  2)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (3  3  3)
4th mode (3  3  3)
5th mode (2  2  2)
Figure D.5: Case 5 with coupled EOM and parameters L = 2 m, c = 1 m,
m = 0.09 and p = 0.4.
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Parameter varied = L
 
 
1st mode (3  1  1  1  1  1  1  1  1)
2nd mode (2  2  3  3  1  1  1  1  1)
3rd mode (3  2  2  2  2  3  3  1  1)
4th mode (2  2  3  3  3  2  2  2  2)
5th mode (2  2  2  3  3  3  3  3  3)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  3  3  3  3)
2nd mode (1  2  2  2  2  3  3  3  3)
3rd mode (3  3  3  3  3  2  2  2  2)
4th mode (2  3  2  3  3  3  3  3  2)
5th mode (3  2  2  2  2  2  3  3  3)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (3  3  3  1  1  1  1  1  1)
3rd mode (2  2  2  2  2  2  2  2  2)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (2  2  3  3  3  3  3  3  3)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  3  3)
3rd mode (3  3  3  3  3  2  2  2  2  2)
4th mode (2  2  2  2  2  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  3  3  3)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (3  3  3  3  3  3  3  3  3)
3rd mode (2  2  2  2  2  2  2  2  2)
4th mode (3  3  3  3  3  3  3  3  3)
5th mode (3  3  3  3  3  3  3  2  2)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (3  1  1  1  1  1  1)
3rd mode (2  2  3  1  1  1  3)
4th mode (3  3  2  2  3  1  2)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (3  3  3)
3rd mode (2  2  2)
4th mode (3  3  3)
5th mode (3  2  2)
Figure D.6: Case 6 with coupled EOM and parameters L = 2 m, c = 0.2 m,
m = 0.09 and p = 0.4.
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Parameter varied = L
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  1  1  1  1)
3rd mode (2  1  1  1  1  2  2  2  2)
4th mode (1  2  2  2  1  1  1  1  1)
5th mode (2  2  1  1  2  2  2  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  2  2  2  2  2  2)
3rd mode (1  2  2  1  1  1  1  1  2)
4th mode (1  1  1  2  2  2  2  2  1)
5th mode (2  1  2  1  1  2  2  2  2)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  2)
2nd mode (2  2  2  2  2  2  2  2  2  1)
3rd mode (1  1  1  1  1  2  2  2  2  2)
4th mode (2  2  2  2  2  1  1  1  1  2)
5th mode (1  1  2  2  2  2  2  2  2  1)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  2  1  1  1  1  1)
3rd mode (1  1  2  2  2  1  2)
4th mode (2  2  1  1  1  2  1)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (1  1  1)
4th mode (2  2  2)
5th mode (1  1  1)
Figure D.7: Case 7 with uncoupled EOM and parameters L = 2 m, c = 1 m,
m = 0 and p = 0.
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Parameter varied = L
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  1  1  1  1  1  1  1  1)
3rd mode (1  2  2  1  1  1  1  1  1)
4th mode (1  1  1  2  2  1  1  1  1)
5th mode (2  1  1  1  1  2  2  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  2  2  2  2  2  2)
3rd mode (1  2  2  1  1  1  1  1  2)
4th mode (1  1  1  2  2  2  2  2  1)
5th mode (2  1  2  1  1  2  2  2  2)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  2  2)
3rd mode (1  1  2  2  2  2  2  2  1  1)
4th mode (2  2  1  1  1  1  1  1  2  2)
5th mode (1  1  1  1  2  2  2  2  1  1)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1)
3rd mode (1  1  1  1  1  1  1)
4th mode (2  2  1  1  1  1  1)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (1  1  1)
3rd mode (1  1  1)
4th mode (2  2  2)
5th mode (1  1  1)
Figure D.8: Case 8 with uncoupled EOM and parameters L = 2 m, c = 0.2 m,
m = 0 and p = 0.
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Parameter varied = L
 
 
1st mode (2  1  1  1  1  1  1  1  1)
2nd mode (1  2  2  2  2  2  2  1  1)
3rd mode (2  2  1  1  1  1  1  2  2)
4th mode (2  1  2  2  2  2  2  1  1)
5th mode (1  2  2  2  1  1  1  2  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  2  2  2  2  2  2  2)
3rd mode (1  2  1  1  1  1  2  2  2)
4th mode (2  1  2  2  2  2  1  1  1)
5th mode (1  2  1  2  2  2  2  2  2)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (2  2  2  1  1  1  1  1  1)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2  2)
3rd mode (1  1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2  2)
5th mode (1  1  1  1  1  2  2  2  2  2)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  2  2  2  2  2  2  2  2)
3rd mode (1  1  1  1  1  1  1  1  1)
4th mode (2  2  2  2  2  2  2  2  2)
5th mode (2  2  2  2  2  2  2  2  2)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (2  2  2  1  1  1  2)
3rd mode (1  1  1  2  2  2  1)
4th mode (2  2  2  2  1  1  2)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (2  2  2)
3rd mode (1  1  1)
4th mode (2  2  2)
5th mode (2  2  2)
Figure D.9: Case 9 with uncoupled EOM and parameters L = 2 m, c = 1 m,
m = 0.05 and p = 0.4.
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Parameter varied = L
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (2  1  1  1  1  1  1  1  1)
3rd mode (1  2  2  2  1  1  1  1  1)
4th mode (2  1  1  1  2  2  2  2  1)
5th mode (1  2  1  1  1  1  1  1  2)























Parameter varied = c
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  2  2  2  2  2  2  2)
3rd mode (1  2  1  1  1  1  2  2  2)
4th mode (2  1  2  2  2  2  1  1  1)
5th mode (1  2  1  2  2  2  2  2  2)























Parameter varied = t
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (2  2  2  2  1  1  1  1  1)
4th mode (1  1  1  1  2  2  2  2  2)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = m
 
 
1st mode (1  1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1  1)
3rd mode (1  1  1  1  1  2  2  2  2  2)
4th mode (2  2  2  2  2  1  1  1  1  1)
5th mode (1  1  1  1  1  1  1  1  1  1)























Parameter varied = p
 
 
1st mode (1  1  1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1  1  1)
3rd mode (2  2  2  2  2  2  2  2  2)
4th mode (1  1  1  1  1  1  1  1  1)
5th mode (1  1  1  1  1  1  1  1  1)























Parameter varied = span−wise design
 
 
1st mode (1  1  1  1  1  1  1)
2nd mode (1  1  1  1  1  1  1)
3rd mode (2  1  1  1  1  1  1)
4th mode (1  2  2  1  1  1  1)
























Parameter varied = material
 
 
1st mode (1  1  1)
2nd mode (1  1  1)
3rd mode (2  2  2)
4th mode (1  1  1)
5th mode (1  1  1)
Figure D.10: Case 10 with uncoupled EOM and parameters L = 2 m, c = 0.2 m,
m = 0.05 and p = 0.4.
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Appendix E
E Design graph group example
The example of the design graph group is shown in this Appendix. The parameters
used and their ranges are shown in Table 3.21. The graphs show the ﬁrst natural
frequencies of ﬁns with varying parameters. The parameters varying inside the
graphs are chord length and camber. The parameters varying between the graphs
in the ﬁgures are diﬀerent depending on the presentation alternative. The four
diﬀerent presentation alternatives are shown in Figures E.1, E.2, E.3 and E.4. In
the ﬁrst ﬁgure, the length and thickness are varied between graphs. In the second,
the span-wise variation and material are varied between graphs. In the third, the
span-wise variation and thickness are varied between graphs. In the fourth, the
span-wise variation and length are varied between graphs.
Figures E.5 - E.10 show the whole design group of 54 graphs and 6 ﬁgures in
total. The length and thickness are varied between the 9 graphs in the same ﬁgure.
The span-wise variation and material are varied between the 6 ﬁgures.
The EOM used include shear deformation, rotary inertia, coupling and added
mass terms. The surrounding ﬂuid is water. The parameter values used are shown
above each of the graphs. Uniform means the span-wise variation option 1 in Table
3.21, linear means option 2 and poly means option 3. S means the material option 1
in Table 3.21 and AL means option 2. They are steel and aluminium, respectively.
The ﬁrst natural frequencies are shown in contours with a step size of 5 Hertz. The





L=2.4, t=0.08, p=0.4, linear, S
 
 























L=2.6, t=0.08, p=0.4, linear, S
 
 























L=2.8, t=0.08, p=0.4, linear, S
 
 























L=2.4, t=0.12, p=0.4, linear, S
 
 























L=2.6, t=0.12, p=0.4, linear, S
 
 























L=2.8, t=0.12, p=0.4, linear, S
 
 























L=2.4, t=0.16, p=0.4, linear, S
 
 























L=2.6, t=0.16, p=0.4, linear, S
 
 























L=2.8, t=0.16, p=0.4, linear, S
 
 





















Figure E.1: The presentation alternative 1 in which the length and thickness are




L=2.6, t=0.12, p=0.4, uniform, S
 
 























L=2.6, t=0.12, p=0.4, uniform, AL
 
 























L=2.6, t=0.12, p=0.4, linear, S
 
 























L=2.6, t=0.12, p=0.4, linear, AL
 
 























L=2.6, t=0.12, p=0.4, poly, S
 
 























L=2.6, t=0.12, p=0.4, poly, AL
 
 





















Figure E.2: The presentation alternative 2 in which the span-wise variation and




L=2.6, t=0.08, p=0.4, uniform, S
 
 























L=2.6, t=0.12, p=0.4, uniform, S
 
 























L=2.6, t=0.16, p=0.4, uniform, S
 
 























L=2.6, t=0.08, p=0.4, linear, S
 
 























L=2.6, t=0.12, p=0.4, linear, S
 
 























L=2.6, t=0.16, p=0.4, linear, S
 
 























L=2.6, t=0.08, p=0.4, poly, S
 
 























L=2.6, t=0.12, p=0.4, poly, S
 
 























L=2.6, t=0.16, p=0.4, poly, S
 
 





















Figure E.3: The presentation alternative 3 in which the span-wise variation and




L=2.4, t=0.12, p=0.4, uniform, S
 
 























L=2.6, t=0.12, p=0.4, uniform, S
 
 























L=2.8, t=0.12, p=0.4, uniform, S
 
 























L=2.4, t=0.12, p=0.4, linear, S
 
 























L=2.6, t=0.12, p=0.4, linear, S
 
 























L=2.8, t=0.12, p=0.4, linear, S
 
 























L=2.4, t=0.12, p=0.4, poly, S
 
 























L=2.6, t=0.12, p=0.4, poly, S
 
 























L=2.8, t=0.12, p=0.4, poly, S
 
 





















Figure E.4: The presentation alternative 4 in which the span-wise variation and




L=2.4, t=0.08, p=0.4, uniform, S
 
 























L=2.6, t=0.08, p=0.4, uniform, S
 
 























L=2.8, t=0.08, p=0.4, uniform, S
 
 























L=2.4, t=0.12, p=0.4, uniform, S
 
 























L=2.6, t=0.12, p=0.4, uniform, S
 
 























L=2.8, t=0.12, p=0.4, uniform, S
 
 























L=2.4, t=0.16, p=0.4, uniform, S
 
 























L=2.6, t=0.16, p=0.4, uniform, S
 
 























L=2.8, t=0.16, p=0.4, uniform, S
 
 





















Figure E.5: The whole design group shows 54 graphs and 6 ﬁgures in total. The
length and thickness are varied between the 9 graphs in the same ﬁgure. The span-




L=2.4, t=0.08, p=0.4, linear, S
 
 























L=2.6, t=0.08, p=0.4, linear, S
 
 























L=2.8, t=0.08, p=0.4, linear, S
 
 























L=2.4, t=0.12, p=0.4, linear, S
 
 























L=2.6, t=0.12, p=0.4, linear, S
 
 























L=2.8, t=0.12, p=0.4, linear, S
 
 























L=2.4, t=0.16, p=0.4, linear, S
 
 























L=2.6, t=0.16, p=0.4, linear, S
 
 























L=2.8, t=0.16, p=0.4, linear, S
 
 





















Figure E.6: The whole design group shows 54 graphs and 6 ﬁgures in total. The
length and thickness are varied between the 9 graphs in the same ﬁgure. The span-




L=2.4, t=0.08, p=0.4, poly, S
 
 























L=2.6, t=0.08, p=0.4, poly, S
 
 























L=2.8, t=0.08, p=0.4, poly, S
 
 























L=2.4, t=0.12, p=0.4, poly, S
 
 























L=2.6, t=0.12, p=0.4, poly, S
 
 























L=2.8, t=0.12, p=0.4, poly, S
 
 























L=2.4, t=0.16, p=0.4, poly, S
 
 























L=2.6, t=0.16, p=0.4, poly, S
 
 























L=2.8, t=0.16, p=0.4, poly, S
 
 





















Figure E.7: The whole design group shows 54 graphs and 6 ﬁgures in total. The
length and thickness are varied between the 9 graphs in the same ﬁgure. The span-




L=2.4, t=0.08, p=0.4, uniform, AL
 
 























L=2.6, t=0.08, p=0.4, uniform, AL
 
 























L=2.8, t=0.08, p=0.4, uniform, AL
 
 























L=2.4, t=0.12, p=0.4, uniform, AL
 
 























L=2.6, t=0.12, p=0.4, uniform, AL
 
 























L=2.8, t=0.12, p=0.4, uniform, AL
 
 























L=2.4, t=0.16, p=0.4, uniform, AL
 
 























L=2.6, t=0.16, p=0.4, uniform, AL
 
 























L=2.8, t=0.16, p=0.4, uniform, AL
 
 





















Figure E.8: The whole design group shows 54 graphs and 6 ﬁgures in total. The
length and thickness are varied between the 9 graphs in the same ﬁgure. The span-




L=2.4, t=0.08, p=0.4, linear, AL
 
 























L=2.6, t=0.08, p=0.4, linear, AL
 
 























L=2.8, t=0.08, p=0.4, linear, AL
 
 























L=2.4, t=0.12, p=0.4, linear, AL
 
 























L=2.6, t=0.12, p=0.4, linear, AL
 
 























L=2.8, t=0.12, p=0.4, linear, AL
 
 























L=2.4, t=0.16, p=0.4, linear, AL
 
 























L=2.6, t=0.16, p=0.4, linear, AL
 
 























L=2.8, t=0.16, p=0.4, linear, AL
 
 





















Figure E.9: The whole design group shows 54 graphs and 6 ﬁgures in total. The
length and thickness are varied between the 9 graphs in the same ﬁgure. The span-




L=2.4, t=0.08, p=0.4, poly, AL
 
 























L=2.6, t=0.08, p=0.4, poly, AL
 
 























L=2.8, t=0.08, p=0.4, poly, AL
 
 























L=2.4, t=0.12, p=0.4, poly, AL
 
 























L=2.6, t=0.12, p=0.4, poly, AL
 
 























L=2.8, t=0.12, p=0.4, poly, AL
 
 























L=2.4, t=0.16, p=0.4, poly, AL
 
 























L=2.6, t=0.16, p=0.4, poly, AL
 
 























L=2.8, t=0.16, p=0.4, poly, AL
 
 





















Figure E.10: The whole design group shows 54 graphs and 6 ﬁgures in total.
The length and thickness are varied between the 9 graphs in the same ﬁgure. The
span-wise variation and material are varied between the 6 ﬁgures.
